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4. SCRVRY OF BFRNGULLIAN TTILITIES AND APFLICATICEE

1, Goneral Introdostion o Utliyy Thecry

1.1 Infcimsl Dezoriphion of Utilify
Tte conesp’: of utility has had & carcer in econxzmic thecxy datding

at losst from Adam Smith,l during the ovarso of which it hap undergom meny
important medifications of wmeening, Bofors entexing into the devails of ths
goocd fic fams 2hed the ubllity comcept has iton, wo shall try $0 indirebe
the agrmon cove of meaning. and the wypss of prdblewms in vhich this comeeps
hag daen uscds

Ist 4 ve an individeal who is at £ given #imd prageomted with the
oseessity of choooing azong o sel of alturpuatives, B. "32"'”-’3n° 7o ke a
svecific oxrsois, SuDeose A ip Ir, Jones who is &k the narkee 2n? L congiders
ipg which o the follozing three items 1o huy: g sizak. foxr botiles of wllik.
or & botiis of wine, thich ave Bq,Ey, and 12.3 regpactively. To a certain exs
tew ¥r; Jeroa? ghoica 1il) be determirod by tho prices of the items, and
the amornt of momey ha beg, but o 2 coritain extens elco hia choleo will be

SSoaraiicd by e vailue af 11850 Cemodivits o h

expoct thge hic choice will depend sWisiy onm his valuaticn of the comzedibies.

Anothor ierm Tvaguently used for thig sukjective valuation of the differont
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sldornetives is ukility.

Tho pricegs and on tho udiiiiy of the itesEs for ham, snd im the cage in whith
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the pricss cx2 adl eguel; he =331 choves that iism with the grealest vsilivy.
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Ths example given abova is iypicol of ths way in which the notion
of nkility ontorz irte = isrpe aves of problems. Thuse problems all irvdlve,
in one Wy or andther, an elemen’ ¢f chwice, rede by ons o more individvale,
g a seb of soveral allswoatives. It is then usuallyr asswad that eoch
individuel possassss o wbility acsle by which he ronks the altermativen
according to roater cr lesser ubtility, end vhat tho actual cheoice made Uy
Wim deponss in some fixed way upcn the utiiily raviiings of ths gltermatives
prezented.

Whon we ciwdne cur originasl exaswple more clossly, we motice some
points which bring out sozc of tho major Aifierences Batween various SO

onts of uhility, Ws ginted that Mr. Jones had thrse &l cernaiives: o buy

a stegk, fovr botilas of milk, or a botdle of wire. Bub in most cases, a
consume? 16 not faced with that sord of choicss Ko can usunlly. within the
Aimite of hip budgsh, tuy all of the lremg, or any cumbinsiions of them which
swits his fanoy, or nams at all, Hencs in ordar to take Lull acscount of
¥ro Jones' praferancog. we magb includo in tho gobt of pliermtives, .a-,,uoE
ail the svailnhis courses of acticn ko can poosibiy cake @@ this oceawic,
In cur exumpies then, we most inciude a0t only the ndilities of steak, milk,
and wine, bub the whiiitics of stca¥ asd milk, stock and wize; ete. In the
rast it was frequenily ssoumed by eConOmAsLs Thab im ordsy e obiain the
uwtilidy of & ccmbinabticn of two ilsms, esuch as steak ard wide,; ib vas suffi-
cieni simcly o 2dd ithe otparate utilities of the itens arithzetically.

This pavrtienlar assuwmptien ipoiles aar sather special ssmumptions sboub the
aature of an individuollc uvilaly scoles. apd thess were inoreasingly criti-

0’»;\..'...- STITE® wve wsmon —een ow  cala e s on
saired unGid tac ;.S"\ZZ‘{‘;LU&: or addilive JbIlivies was ?.;.uwllg absndoasd,
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Two sizpla exsmples shomld ha eaongh 0 conwinco the reader that of leagh
in certain capes wWnis hypotbeglis is absurde Let it be regilsad 4o find the
whilaty of a cainstion of a phonogeaph ard a collsefdon of records. Clear:
1y %his cpnno” be the sum of e viilities of the pbonograph and records
soparatoly, for each #ithont the other has no valas, In this case @w oSy

mav thzi ine i ftems cempliment cach other, In cothor casss rairs of items

may CEEGle win sach oingy, 25 for example, wistvwatehes and pocketewaichics;

e

that is, the widlity of tha ‘wo together may be less than the sum of theiy
seperats uiiiriies, Moch controversy in the past contered in attempts to
dnfine indepondant sevs of cummodltiss, that i=, scto of commeditiss for
wnich the utllity & 2 combivation is the sum of the ulilitiss of tha ele-
ments of the cambinaiinn,

A szoond enmnpic ecomuradicwing the hypothssig ariscs shen the Ccou-
bination conzists of u mater of umiis of tho szwe item, Undzr ths hypothesis
of additivo atilities, e wiility o n loaves of bread mist bte
Ve U a0e v B (B Limes) o mi where u is ko utility of one loaf of bread
HRETEEy MOSL paovle would deny that & thioweatd Loaves of LITsa ate 1 ohous
mand vimes 2y valuable o thew =g one loafs 'Thig example is, of course, o
spodial cuwd of eompsting cummoditiss, Here e loavee of bread; lifto the
wriot-weboh ard the poviwt-wmtobh, compets with aach othaey in the gonge that

one, or &b masl; a fow Joaves of traad selisf{y tho cusbomerts needs, and ihe

i

remaindsy hm»e vasy Litile additdonal widlity. By applyinz gimiilar yeassruog

w0 tha demsrmis for all camnoditiss, scontrlsis weys led vo the prinscivle of
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ﬁ dimrinighing 2wginai culiity. which has pleyed o prominent parh i ohn classio
cal anslysic of oonsuany hehavier, Th. princiele of diminighing marginai -'
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utility statos that tie utility increuse with cach additivmi orit of 2
givan itsa deuznes smallicr the larger the 40%Z0l smount of thet item elreandy
pressnt. Whils this formlecicn of tbs prinoiple is cpen o chjections wnich
w11 b brought out latar on, it can be reformulated o mwt them and yiald
eemirical implications in a field which iz otherwise rathor barren of thom.
Going biack to Jopes again; vs spacified thet his choice ospends
partly on his utilily scale, btub peritiy Sise oo the rrices andon hog much
aocnsy he hase A3 long ac ue do not spuscify precissly how his choice doponds
an the utility scale, we have a theory without predictive value., In the classe
iewd, theary of comsimar behawiaz'sl “he consumer wos usually assmesd §0 soond
hie morey in such & way that ths s6t of items ouzchoged had tks gvoatost
utility of all the soua of zondg which: could havs vwen purchassd within e
customer?!s incans at vhe given prices. Thus, i tho classlesl thaory thraoe
variebles were involved: prices, wilities, and income. arnd it was ths taslk of
clagsical utility theorists 40 discover how chanzZos i ary of thess woald
affect tho consumeris buyiug patiern. Ib ic possibles aud 1t has besn domne
br many medexn theorists, to teka o difforant tack, reducing the set of rolew~
vacb varicbice from threo o two, Again the consumer, oF any agend confyoated
with a choice, casosen among a sev of puswibie albeviative courses of astlon,
whieh mag. as tefore. Include burinz steak, miik, or wins, Hewvey, in assosse
ivg the untility of a particular sliternative, say bdwirs & sbeak, e considars
the nellisy of ohe entire act of porenast, This: incdludes pob enly receiving
the gtealk, btul paying over the prics Jomixede Tig JAlTerento LOLNEOD |

o types of aalywis lics in the fact thet in vhe firsy coss, the valuabion

|
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of the particular alisrnative, depards ¢nly on w individual's likieg

far pilegk, whareas in tha second case his vrination must include both dis
expected gatisfaction from the steak and his valuation of s moncy Lo pay
for ite Thereforc the price does noi onter dircotly in the second cana =22 3
Tariable which dolermines Zheics.

Goviously this suppression of the Veyriahles of price and incoms
does not eimplify the problem of expleining and prodicting congsumeria tshave
jor, siuce thes: verieblies gtill affect it, only nGy ty way «F efifecting the
wtility eealo Lieslf, walch in the other mnalyeis had hsen considered inte-
pendent of price and inccae,

Cur (ormalavion of the problem of choics has now roached gubstanzie
aliy the staddard mnodern forBr every andividuod hac a utilivy scale by which
he ranks sil “hings, and wien presented with a choics atong a swh of posaitls
coursss of gclion, ke chooces that slternntivo which is highest in his ubiidiyy
acalso

8o Zaxr cur dlscussien has shown us that awm of the major diffevrsnces
batween vorious ulilily concepts daes i the vyps of enilily shiich s waken 0
he ovalnatad in tha Fndividnalle uiid 47 seale. In our origipil oxample.
gertein irdividoal items of consumpiica wore vanged in cordar on Mr. Jonsst
weility scale, Howevcr, it was found woeossery 0 include not only individ-
wal itemss bus also all the possidle cambinations cf ths bapic dtems, laier
it was guggenied vhat the alterpetives raoked should bo nob simply the possi-
ble vundles of itewy Lo bt bought, bulb the totel waiiue of the tramsactians of
buvine ineludeny the value of the money paymont as well, Thsge three Fimds of

ditermtives 4o not exbangi tho sosgibilidticy. IT a theury of choice tia ©6
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encorpass cheires wiris in AJ1l situatiung, 3% wwrt include amccg ths sntties
rar¥od all e kinds of alternatives shich mry by encountersd by an indivie-
ugl in ths process of making a decision. Sofarmhmunticmdon’lqtm
individunl mewing decisions in his capagiyy a8 ConMIRAT. Bm of comrse
individneis maks docleions im cllier than toying olisations, u‘ﬁ in siturbicooD
whexrs the e:c.‘"mg,a of mongy i only an Ancidontel fsature, such ag wheliwr
ta go %o & 0ovis o stay home and work, In SOmo Cases. it sesws ruasonsble
%0 congideyr ax the allsrmatives ¢o bo ranied not the particular acts which
would bo aorried oot a5 e conseguancs of & docimian tut the Yuture history
of the ingividual which he expocts to bo conmsequent on bis dscision, For
exmple, in evaluating the utility of a botllo of wine, the Individual would
consider noht aly bhis liking for wims, bub 2ll the copsequancee he considers

am

likely to £cllew foom 58 puccuasss Of convse, thig shift from considesing

nob only Ghe Ismsdiate cmagsquencos of @ degision bui 2)l the expegied sSco

sequanens thvcagn tims 3is only o change ¢f terainslegy. sines most pocglde
tacitly intlude thoss dn delomining the ubilily of an dltarnstive, Same

sach conddarations must bo invoived in tho calemiztion of tva Wildity of

loging o dollar ir prgivs for avv fien, sinen for nosi nagnle 2ha valne of

U o e

o dalligr 1dss only in wiat it can be used for, Tekiisng the get of aligrnatives

A T s S e Sho Leade & IS D e N P
tc bt possible histories suphasizes Mie fach that the witiliysy of aor pariics

vler decision cepends not cniy on Lz act of buying or tho immsdisie satisfocs :
Wons of Uho purchaze, ut on all the conpegqusncss Gapociad o aocoraw Orca

i, }

Frem tho conedderation oF hislordices as ralsvact alteornatives we
. are lod ¢o copuider ~Uill cacther kind of prospects slisrastives invalwing
-
uncesteintios, probabilities, or visks, I, in owaliuveting She viility of ,
84y, wying o 0aYy 6 person HMus% oK LG secowrt il the consequencsg of
]
3 SR RN AR T 4T
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thig purchass, be must connider 2 mader of pessibilitics -» suth a8 being

Parvienlsrly diecar«cut exarclios of risk sitvetions aripe iin gambilmy, ii wkdech
all ths probotilitiss may L= knwm cxactly, Suppose that & men is trying o
dseidn whether or net to biy 2 lottery tickat costing oy dollsr with ymroho-
bllity « 2f winning n dolioTs amd proosbidddy 1oy of lesing the dollar
Be pays Lo the ticket, He muet then compare the utilities of twe differoat
fatnres ia his offst to decide whether or nob to buy the ticke$. The fniuvra
invoived in not buying ihe ticket ia cortzin, at lessi with resgpect io ithe
aatesee of the lotiarys IThe futuse involwed in buying the tickot ie an uadeds
tuin combingiion of bso othwer certxin futuras: the fature consequent on losing
o2 dollar amrl ths Sow conseguert on wimming tho z doliars,

The inclugion of uneortzin futures o )l o csricin ones emonug
ixe cot. of progpects or altsrnatives o which the iudividusl assigns wtilitice
wouid be of Little inicrset wore it not for e fact thal, using swwe very
risuaible assumptions, a very sihizxde rolation may be sstablished betwear the
utilitiss of sors futwre progpects and the utilities of uncertain canbinations

AL $haca escarmennd o Témreys $tamem ~oayvewems,
NOA RN LA Serruwuw g & de \elS  LBANS

v S memes QE PAT T Awrs e d SAha mACTAEer AP
OO SN VAIAPT oV & Vbt i  weith W WA sl sy &

a comoinabicn of 4o praspects. El and E2 with ubtilities Uy and 2, respeciive=
1y, combimend tv a sligle wivtrtsin psossoct of El WL provabiliyy « and
E2 with probability 1« o is ciuply a3 =zpocted valwe of tha uvwtiliisses of
these prospevis: £ vy ¥ (Lo «) wye Uedlidy grales which have the properiy
that the uwellity ¢f o prebebility distoibution of sure pirospects is the ax~
pected value of the utiiities of those prespecis are callsd Baroouiiien
utilities aflor Daniel Bernoulli who was the firat o melie such an assmopiion,
Throughort the forcgoing digcussion, we have agsuwrd Suab Uhe ogsmi

confronted wiith a docision is a singlo pDersone, For osfcholoficel r2a8005.
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perheps, it cceme moet peagonudie to syply utility theordes 45 individasls,
sinces we feel that we have scme insight into tae joocans of dxojalion melking
by them, Thore is, howsver, nc logicel reason vy a utility type ¢f smalysis
camot bo extended to othor typos of sgunts confrontsd with the nocessity of
moking degisione, such ag :amies, business onterprisas, and govermsmte. In
the iweory of consumer behuvicr, the basic congusor umidk for many palposes is
taken to be not ths simgie perzen but 4he housshdld he repressais. iAo YIis
case, it is appropriabo o tallk of the ubilify scale of the housshaid, and
of buying %o mxdmwse tho utility of the houschold within the limitations
of the hounrhold?s incars, The fact ihat wo assign wbility scales o organi-
gaticons cowposed of nany people vhe will in gengral have nidlity acaies of
their own biings up ancther preblem hich vo oaly meniion herse, This is the
quostion of howr the utility ccale of an nggrogation iz reiated s the whillyy
seales of the imijvidusiz eomposing i,

. Ied ne rennniiulate ey wbility theory ard sare of itg rsiated pro-
bloms, The theoyy imrolvaes an agent, A, confaronted with meking a decision
smopg & oorisin seh of pousible alterraiiver, Bysoeeskys thoze being variously

interproted as actions cr ag e ouitcoisy of zit action, A ranks the sltews
ratives accordinmg 0 a uwidlity scale. and soleots that with the hickest ubil-

-

itve We have soen that the individual, A, moy stand for differsnt sarts of
et tisg, Doth Llwan and AS3NATINLSAEL, mad thot too ol of cltewnotives,
Eqj00aEy, 5y also bo diffexontly interpreted in different tvpes of widlldy
theory. Ome farther question, not so far raised. im that wiich 208bs Wt
sort of thing the udility scole ise

Vi 00N go SGme (Asnanc® Al sur answer ©o tiwo last questlon Lefore

erziving ot the limits of comwomsrsy. Again, it A be an sgent conframted
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J
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with a decigien among eltoruatives E?EZ:MQ,En.-, We aggumo that A renks
the allernatives in oame wamner by prefervence; that iz, for ary two alter-
matives, Ei a:g!E:i. A is 2dlo %o say eitder that he prefers Ky to Ej o
EJ to B,, or that 2 iy indiffsvers Detween them. Une 2opddidion placsd on

the udllizy acsle must cortainly bo that it weflect A's prefereonse patiern;
that is, if one alteinaiive is prefarred %o ancthor, tha fivst must have greau-
er utilily hsn “&: szeond, amd if the iso gliermatives ars equally preferred
thoir otilitées msi e equal, Wo can fomalize this condition by geyieg

that & uhildty seale 33 o funciion, which we degignate n, which is defimad

for the sub of alternatives E;seeosB,, such thet for all i = Lyesesh: n(Ei)

iz a reel mmber, and vhich must satisly the following sondiclon:

Thore iz =o controversy in vhe charactsrivation of the utility funoe
tion *o this painb, and it ig vorth pointing out that oven such sn cpparentiy

trivial eond 4ien g5 (1) has soae empirical conseQusnCos. ITHS WASH AEpEEiant

comnssquenc» is thzt thne indiwviduolis preferenco ordaring of the alterratives

EZG3% be Lransltive, i.Gey 1T E:i_ is mwasierced GO IJ_.i and B, o I, then Iy
5 L3 3

musth bs preforred e Ek. If this wora nct the cage; and there existed some

"preference circles® such os E; proeferced to 30 I-:;j 10 By and By $0 Eg

then no funcidon u could exish satisfying condition (1)s The requirswent of

transitivity s often waferred to as the raquirsmeny of conisiency.

Houover, reguirement (1) is rather weak, aines if u ias any funsiion

satisfying (1), any other funciicn v, vhich satisfies the condition that
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for all x andl ¥,
(2) vw(x)> vly) ii and onmdy if u(x) > uly)

¢lso satisfics conditdsn (Ljo Thus, for axemple, the Zunctions 2n, e 3
amd ¥ algo zaviafy condition (1) Ay two functions satisfying condition (2]
sra spid to te monciomically reletsd, or one ie callad a menctomic transe
famation of the other, Couditicn () 55 satizilied by evexy monviunic tranm-
forsation of u if it is satisfied by u. and we soy that condliion (1) dafinss
a vEilisy Surchion uniquoly oniy up ©0 o monstonic tiznsicrmalion. In general,
if a conditiicm is givan which defines o fanciion, u, only up to & momotonic
trensformndion, W only thing of sigmificance abont the velues of u avre the
ralative megritwiss of u(x) and u(y) for awy two argumants, z and y, for
wbich the furckion 5= dafinsd. The ebaclnto magnlbude. u(x), or Ui meeriogd
velue of the diffevenos u{x}=uly) iz gencrally witheul sigvificanso, gimce

we ean alweys replaed u by another menctomdazlly related function v and have
9({x) nid v{x}~rly) pepmwe arhitrary values (ap ioog as vix)eviy) has the

game sign as u(x)eu(y). Throughaut the histary of sconcmice, other comditions
haw: besn pliced on the utiiily function, bul condition (1) is tho only ome
on which thers nas boen gooETaAL GEIGSTENLe TiOME GCONcmists Wi caw 10 boe
licve that (1) is the only moaningful conditvion €0 Le placed or the whilily
Fusstdon wrn often lod o the oorolugsion hat 49 would ©o botter ©o discard
the willty fuushion extirely, and work directly with the individual’'s prafor-
epce pattarn. singe vhe wiility function $O1ls vs no rars then tho prefexence
fumsticn, and has the poychological disadvantage of sppearing o contain more
sigrdficance than it actuslly hes., This pogitdion knowa ag Ordinalism boczuse
it holds that the only significance o the utilidy funclicn is the croering

it a2ssligng ¢ the alternetives according Lo thoir uitiliity values. Combrasted
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with the *ordinalist school? are varicae Ycardinsliet schodls® which by place
ing additional restriotious on the utilily function, are avle to defim util-

1ty fucctions with mors signifiicence than the crdering thoy assign 4o the alter-

natives,

Becauss the uliiity funciicns dofined by differsnt aets of conditicas

often resexdle each other in matheratical respacts, it has sopetinss becn
apsumged that the fanchlons deitinad by two diffevant sats of corditions are
the seme, Logiesidy ¥=rc is no voason uuy this hwild be trus, and if it
is tvus, it cizuds 1o pecd of a rigorces Justificaticen which is not uvually
given, This last revrrk wiil be emplified beicys

iy sarly dccnomistst ozsurnticn: that the ultility of a combination
of irems is oqual to e mum <f the viilities the itemg wos sootlichad
earlier. We can exprecss his asguwmption i ters of ihe osilaty funciion, u,

as follows: 1c% E; and Eg be w10 detinct congwaption itams. and let

Eiu‘iﬁj be tho item wikiech consisis of F; and Ej togethere Then

(3) uf.Ei"Ej} = u(ﬁi) + u(Ej)'

Congition (3) on the ubility functior is cleardy wmuch stricter than condiision
{17 in tho sense that mamy forctions which satissy (L) <o nos saviafy (3)e
The goneral problem of dotermining ths seh of functiors satiefying (3) is not
campletely sdlved; hmevor, vltk & fav additicnal pleusible asswipllons
(including condition (1) 3t can be showm that the functions satisfying

thsse agssmpiions are unique wp to meltiplication by 2 poaitive constante
That is, Af © satisfies these conditionz, than $ve ouly other functions v

which 2lgo ontisfy these conditions wmuot satinfy th

() v =im
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A s*p of conditlons shicn restrict tha utility function so par<
roully a8 thoss satisfying equatica {l) soove are asals to yisdd @ cardinal
msasire of utility. A parsllel exmple of a cardinsl measure i3 the came of
asasuremert of phyvdcal mess, in whizh the sctozl value of ths mazs mesasurws
nent for any perticular tody 3o determined onge & unmit of measurarert is
ﬁndo Similarly, under the conditione meniSaped above, the maasuremant of
ity io nwiguely dotermined once a uvnit of msagsuremernt {ofien oullsd 4
utile) is fired on, lioat of the carly econowists aszumed thui utilities,
3k most of the phusissl measnrenents knomn to the sclence «f toeir time,
ware esvdinally msasurable., From this asgumption 3¢ was eagy for them to
taks & still farthsy sitop and essusee that thc udility measures of differend
irdividausls ware carparzbles That is, i wes assumed that it is msamingful
to apeak, £~ oxxplss; of ¢ given altevnative 83 haviag twice as much wHiiiy
for individual A ag for indiwidos) R. Under a utilitarian gyctem of otkics,
ia which ethical good is based on fagivicual utdilitiss, whe loterperscasl
comparability of otilivy scains wnidd rmakc il possible vo SAEBUN hs GuWllitis

of individuals so ar to obtain 8 teian social wrllity which conis be mado

M1 SRy are S e

the bagis 6f gogial policy tecomusndations,

Thip Jast appileabicn of =bitily Hcory 4o proporiy o purt of

wellaze eroncnics, which ig $het })al‘i‘» cf cooncmics which tekes foi Lo

task the recousendation of social policy in ihe ecancomic sphors, Becanse

5 R e e e e,

o itho utiliterion hent of pravailing sorial philecophy in Englend and toe
Urnited Statos, theoriss of welfare ecouomics in thege countrics have ofien
been hased on an wisDiyisg uwbLilliy thoory,

On page 11 shave. < sliudad fo coevieian aifficuitles in defining

£z . s
3 a social wlfsrc funclich banced &n dhs cardiani viildities of individuaiuo
%
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‘ In gemoral, curdinal neasures may be defined in ssvoral weym, depending
on what canditions the niility funotion is expected to satizly. As we hzve
seen, condition (3) wtk a fow additiona). assumptions defines a cerdinal
messure of \iility. The eemcval tlsory of utilities with risks leads Yo
anothey cardirel measure, Vhich is $o be taksn to be in sane senss as the
messure of the inmviduniis good? Ome should note ca reading over the eon~
ditiens piacad on ths utilifty function that these do ncl uccessarily guoaractes
that the function estiafiring the conditions yields s true regsare of the
amoun of aatisfaction which tho indiTidual oxpacts to gain from ths ranmd
alteenativenss The posaibility that a given cardinal whilily xsasnze may
not be 2 measure of the individualis goed hag been grounds for criticism of
many propossd eardined wbilits- siaures.t Of course, this criticisn wouid
be pointless if the cardinsl utility in quostion ware intended omly 4o
predict the behavier of individuals, or ¢ predich gereral consumer trends:
often. houmesT. b2 main reapon for cansgtrucring cardii~l viility scalss has
hasn in order o ugs them as o busis for poiicy rocomendetions.

Ctrer schools of welfars econamics attempt 4¢ duild social policies
on cedingl utilities alono. A rather simple use of theses in this commeciion
i3 in vobing, in which, in ite sisgicst fcim, each individuzl indicatss which
of two alternstives Yo prolcrs, Clhay wére cuipllcalsd schemss have bpean
conmidernd, whith will be discussed in seckion 3o 'The questlom of vic
iegitirecy of comawing ordinal ntilidty sesles of individuals may arise heve
just as it arizes with mepact‘:%b cardinal utilities,

We have now brisfly outlined the main erses of applicaticn of atilivy
theory. Ons area involves the rroblems of explaining and predicting indiwidual

ﬁ 1o Sena éogos Viﬂw {303 i
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behavior in chuiew situations on the assmmpiicn thal this behavior ie in accord-

ancs with & wtility scale, In this area im jrciudsd & varisty «f theczias
which are roughly subdivided as vrdinal and csvdinal ccocdiag to the condle
tion: thoy plesz oo the wiildiy funciione. The azecond pujor arsz includes
apraiicstion o prediems involving the agoregation or capariscn of individuel
atilitica., In this arsa tco, the theciies may o based on sithor ordinal or

cerdingl udilitiss. A second way of subdividing this area is according to
wbesthae the theory is normative or descriptivo, YWelfara econcmica. as &
heory providisg cegulative (i.¢., ncrmative) principles, falla in the first
af thcoe eategmriss. Until rocently welfsre econcmics was the only diseipline
making uee of utility ia this areca, Theve are now, howver, soe theoriss
shich £211 into tha descriptive category of this sscond azea, These ithsoriss
atlempt t0 SoscTibs the way in which interaciiorn inflwenoss utilities, and in -

vhat way utilities of individuals mase de aggrogated to form & growp utility

P - | T, . B . T sl T L o] omerendn) sum . waa) ‘
GBSy am: wms 45 OUv CmSSrnsd WiER sggpogotion protlcms and wwelfaie econo=
nicse

1.2 Formiliestion of Utility Thoory
We huvs now reached g point in our discesgion at which it mey e
profitable to introduce a few foarmal mathematical notatlions for same of the

IBpOrtanG CUIESpLe W GLAlAl VIBllyo 140 T6SG51° wiil DS esswmol U WO
femliar with such ciementary mathematiecal notions as these of a esbs class

menmberahipy reilction, furetion, real mmber, and iho slandard mathemstieal
notations £or thess.

We shell be congarned with the utilitiep and preferances of one
individoal, X will denoto the set of alternatives which are rauked by ths

]
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iudleidual. Previounly we have denousc the sltmmativen bY EnsceosEpt howe
avae, w3 o nobt wich to limit o altarmaiives {0 a finita or sven countsbly
infinite nuwdor. I case we want U6 includs probability distributions of
sure alterraidves, thsre must be a cuutinmm of alcernativess therofore K
is ap arditwery non=amuhy aate

The iadividnal®s preferecace~ui-inlifferente relation is dercted by

">% Thos if x and y are olemonis of ¥; thep

x

[RY]
t<l

L

means that the icdiv: dval either pociin ¥ o ¥ or is rfifferont betuee: &
and yo Hercoforth x > 7 will be woas as fx 15 preferved o indifferent 4o yof
We s taken whe zolaticn of prefertacower-indiiference gs basic bacausns boih
the reiation of prefurence ard wha rolaticon of indifferancy are dafirsble in

termw of this one relatiocn, R o W6 alire tho indiffercans rolation for ko

individual, denotsd Faut og follionm: for il ® and ¥ in K,
{(6) znswy = ae T2V end 72 X
Tos profercpce reloticy; © >3 1g delired 3n terms of #2%  and Yao¥

for ail x ond ¥ in K.

5 s -y
(7) >3 2 ;p x> and rot 3&_,37(4-'

Pinsily, "u* denstes the individualls wtility fumction, Than, fop
a1l x ¢ Ka~a(x} 1o 2 roal nutder,
%o cball Saim X

n notlreon in an ev@mnéé.- Yrootdien

- e —— e+ s o

of atility.

{1) Thie ic read: Ux is pre.rmd % y" and msans i irdividual sithep
pz-efem % o ¥ or is indiffersat dohvien thowm, but be in not inddffersnd
43660 YLD o A0 (ke ciapllifiad ruiding. 2 S prefervraduorerndiriersai
o ¥s 2u% g ap oo uxaiterent ko .,
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%o are now in & pooition Lo resials formalily scee of the fundameatals

|ﬂ

of atility theary, and somw of the dafiniug features of its variantse In

*}.a

Veww  aseins

53

of conemmar bobarior with which we began cor discussion of wbilily
theary., we ore concerned with a2 single individual. It 1s trus, that irn onder
10 be usefal. to econanics, the conmursr theory smicé bo applicable to a lsrge
nmmbor of people; bui ip this cegs orly ap a statistical aggregate of e
behavior & incependent ngenig, Thorefore, as a first approximation, tue
provien of predictiny the behavicer of an jodvidusl is solved for individasis
who aro assumed to seh irdepondenily. ond from thesd the soncuwmitica pattorns

of ths cammmily arc dorived, using cuitable ssswpiicns sbowt uniformity of

Differences batwesn approaches to congumsy Lohavier gppear wn Lho

aifferans Yypas of ontities isken to be muribers of K. Taoh interpretation

for ths olnugg X leads o & differsnt tgze o€ =tility theory, Beolow ars
2t § 2iMeennt Iuntaynrosisblens of o oand sems dntipsadinn of tha ftnon of

Uil d TR eIV SIS IR G wr VL MS wa Aa) s e sl e soSE L OWED Yg e —— e
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wwamties with gilch thoy ara coscciatod.

() K 4 the st o2 camodity bundles, This 12ads o a thoory based
on i sndont vaziahies of price and dinceome which Lugoter detesnins tha
sat of possible altorzatives fron which consumers may cao0ss, This is the

usual indermrotation in the classical theory of consumer behaviore

L)
()

3} K censizis of comnodiy bundies togothor wiith theiy nrices.

7o oxistin: thoories arc bazcd Aivantly ~m this interpredation, bad this ig
an intervoirimy stoge botiwen intorprotations (a) and (¢)e A consumer theary
based on interprotation (b) would wo meeh Jdko ths classies? theorys in facd;
ringgical “Wlwmsry can be imdorprotsd in Uilio way. mhisye the udilily o oonsy
$2 incleded with Wb wbllity of sy commodityy bumdle to devorsine itm todal

utilit; «,"‘ The congoptual difforone~ vtetwmen {c) and (b) is that in {b) we

1, Seo far owample, Swmweligwn. (257 n. $9
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con=idar the total utility of any diteynmative aot, which, if ¢he auh is
buying, inciudss payeant of the price.

{e) K consiatg of total historics oxpeciad Lo be cousegunt on oy
given degizicne The only difference between (b) and (¢) is that in (¢)

attention 48 fogused an the congequsnces of the decigion, and in (b) wo appear

to he concsrned with the decicion itself. We wouid ezpect that the utility
arrived abt 5n each case would bo the zzxme, vhethar we wers to fongider the
actual decision: or the couscquences of Hhe decisliun,

{d) K containg, in addikion to suro alternatives like those of (b).
nrcbebility distribulions over thsso alternatives, With suvitable arxiams,
this intermetaticn leads ¢o the theory of Borumcullian utilities mentionsd
oL paZe To 2nig theory is then used to bondle problsms of individusl reac~
Wong o risk, such ¥5 in gomes, garvding; and purchage of inorarso.

{6} & vouteins histeries as in (¢), and probebility distridbutimg
over histories, Like tho difisrawne batwoen intezpretaticns (o} and {(b),
intororeialicms (2} end (d) do =ot 2iffor as much in coalternt 55 in omphasis.

In parts 2 « §j of this raport wo skall to concernsd principally
with theoriosn of utilities wxisr rigk; sinco wo sre omititing the classical
theory cf consuERer coRavicors VWaon ¥ CCEO 1o wrifavre cconomics, wo chall
spcountor oh331 ethsr interpreteticss for the clags K.

Ao we hews ugsed thewm so far, the pirefercnce-andeindifferance ralee
tion and the dorived prsferencs raletion have been nothing but stepping-
stonss t0 Um dafimition of ho udility function, gimer the utility function
tolly us ait ieasth o5 much ghout the individeal's preforonce Liold o8 doss
the preference ralation beeanss of conddiion (1), (pzze $). Nevaerthelsss,

we heve paxnted oub wat "c-ha relatian R past satisfy corvain conditions in
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ardor that there exist any utility fuociicn, u, which satisfies confitian (1)
One o these oondistis=s on 4ha relation > is tho requirezent; of consistanny
mentioned ou page 9. This reguivament can be formalized by the conditicn
that = m=t Be o wenk onderinge, In order for R ¢o be a weak orderirg, 3t
mst satisfy the two conditions (8) and (9)-

(8) Forall xand yin K either x> yar y> >3

'
T -
imply 2 2 %

(9) Par 1l Xy yo and 3 inkK, x>yand 5z 2z
The conditien imposed in (C) states tha® = i¢ 2 conmectsd relstion; in none
formal langnago, & conmscted ralation io ore sach that for auy two iteme
x and ¥, eithor z stonds in the givon rels¥ion %o y, or y stands in that
relation $0 ¥, The requiremert of comnsciedness then simply states that

for any o slternstives x and 7, eithor % is preferred or indiffersnt to

GE{

¥ or 7 i praacsssd or indifferesnt tc ¥, bYers this cordition oot 4o hdid,

fxm alievnatives guoch that neither wag proferred to the oiher
and which =eve vebt noit cgually profereblee We would expect that alternatives
are corparable, amd hsico ithat > satisfy the congdition 0f connsciednesse

Conditicn {$) is called the rogquirsmrn: of tesnsitivity, alrecsy
moniiorned ahove. This condivion; {00, 13 omo which we wovid axpect to be
satigfied by relzvion > -

Ins defimibions (6} and (7) of tho indifferencs end preferance
relations togoter with tho condlticng of connocicdness and transitivity
logically imoly conditions (30) ~ (L) below. These conditicns ave ilisted
o shov thatl from the dfiniftions and cannsctedness and transivivity follow

may of the cmditdens widch w wanld expens > , Ar . and 2 to antisls.




1P

{10) For sl1 x =nd y in K, emacily ooe of the following holda:
X>Y¥, XV, OFTF > X,
(A1) For @ii xeud y and 2 in X,

x>y end ¥>5 imply x> 3

~
L g
"
q
g
5
b
E
&

{13) For ali x, vy aud 2 ir K.
AT AN T 2 ZERLY XAeT.
(14) For €3l xamd y in X, :

Troy ipplies y X

I

emest o bo satisfisd by =z . > ; snd ~ do follow from (6); (7). (8}; ang
(9).

Condition (13) is coserving of swecial stientions This conditdon
implics that for any soouence of aiternativoss T aXpze0Ts auch that the

ralagbion of indilference haolds botwoen any two suceseding paivss that ig,

x,ren, Lvl, 29 o.‘.agn‘-'l_;
it mass Lollow that the first ctands in the relabion of indifference to the
P Xy o I% is cegy 40 imagine a sequomxe of choicas such thel wo are
nmble o disorininate betwsct any Ltwe gucoeoding ores; bhud {or which wo
Yeci & 4iwtinws proferonue 1o ORo Of UG OXLTEmSS Over s othur, This
ari dalencs. Eguellly of ase of tio bodisos ig wenelly Suorationdlly ésfinsd

tC mean thab thw balants yewoing ievel uhcn tho U¥o bodisy are pleced in tho

balance pang. Ho balancs is perfoctiy sensiltive, hossrae, and we may have
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ewmwﬁmﬁo,..a,wnmwum& differs in ueight from the
asjacent or= hy o small en amount as to bo umistestabls o Ws balanss,
Mfwm&ums,ulm .» 40 differ detectsbly. We may adopt
cmdm@umctmm~theorymmti"ﬂ3mustnm...
in spite of its goparent contradistion of the facte. Wammtbat—\
though tie theary ésss not f£it reality szuotly, it is a closs sadugh apprati-

mation {0 bo useful, Or we rsy assume thst our mzeasuring instruments -~ the
TenVoman acmd dhe amand o su}ut-n&-.m Ponlinoe « ors nal. nawfachiv aromesio.
MRLRT WA Lisr Liwedl v W AT VW WY W ww e em— — m——— e -

%o havs stated above the fundmwental oondition which tho utilidy
fanction must satisfy (condition (1), pege 10)3 it must reilest the individ-
ual’s praforence—ar-indifferenco relation, This conditicn is sasily restated
Sn teres o the relation 2
(1) Zor el x and y in K, x>y if and only i€ u(x) 2 uly)e
It is a necessary condition for a utility fwwciion to sxish satisfying (1)
that > be & weak ordering, oc defined by scoditions (8) and ($). Tuis is
not a sufficient cendition, for it cam be shown that therc are este X with
usek m'derim = o for uhz.ch there exiets no function saticfying conditien
(1)s Mowever, we may regard these so pathalagical cases, and in all tbe
ingtanocey we chail be congidering, the cxistoncs of a ukiiity funcidoa is
aggured if = i85 a weak orderi:zg.

Vo wave nobed further that if candition (L) 35 the cnly conditisn
rlacad on u; 3N u iw determined only wp Lo & monotonic trancformations
This i2 a very weak restriction on n, and there would be very little sdvane.
tage 40 Be Jerived rram verideg with the weility fuection rather than the
preierence-or~-indifferencs rxlation itsell wore no mote condiifane Sminsed

upon u than conditian (1); In classicel erenomic thevry of Gonwugor behey-

ire. K consighe of 6iffavernt. comedity Mmdlen which nrn worvacanted e
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vecters C(Xp5 XpseaesXy, > hore X; iSpresents an awoont of the 1'th camodity.
Then fer sny given veclor, there is @ wtility, ulmys Xpscoss¥p)e It il
ustally asemsd thai o is differentisble with respect to each of ite n argu-
mept. riaegs; that is, that
oxists for i © 1, 2,0.05% Thic rosiviction has sape empirical sigwifieame
since thore are reiations > for uwhich there are uldility funotions satisfyiog
condition (1) bub none satisfying bowh condivion (1) eod e Gofsremiasbilaty
condition at whe sams time. Novertheless, the differontisbility restriction
surves mainly a conventional purposs in that it hulzedus to marrow down the
class of cligibic ubility furciions, and its compiricsl sigrificance is g~
orally digreagarded. 7o clapsical Vwory of cohusumer bshovior ig presconiad
chisfly in the foim of differential equétions based on o differentistls uha.l-.
ity function, Weo eh2lli net devoior this Larmalisa gince ciassical 2conMGo
theary is not & parh of thils siudye

Ancider Gype of routrichkion on tho ubility funciion, which haw

mach mord empirical significancs than differentiability is os whish atats"ﬁ

"
BaRe renatiss bobuwssn the udilidy of o ocolbinaifion of pltermetivan and the

utiiities of the alterralives of which the combination is caposed. We have
already encointersd cue cuch coudltion: cendition (3) oo page 1i:

(M u(s_!_*%)=u(xl) + u(%,)e

Hare z, amd g, are camedity Suxdles in Ky and i,RK, 86 the huadle wiidch is
the sem of e tao, This conditicen has tho dochle function of vlacing a very
strony regtriction an the admiasiblc uiility {unction; and at the seee Gixe
royuiring that wovy strict canditiong bo catisfisd by tho relation in

crdey that say funcricn ab sl orict eatistying (1) snd (3). Ve cen illusbrats

donie
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the enpiries) sigmificancs of thio relation in the following way, let
% comtadn @17 ecemodity bundies {xl,x,,) comaizting of lust two basis
cammoditien, bread and milk,
and let ﬁ(ﬁg!z) ke the ubil-
ity of x5 loaves of brsad apsd
x, quarts of ailk, Then a
eosivimation o two bundles
e 2> A (e Wy > A8
Just <ﬁ * Ho Fp ” 1‘72,\/327

emditien {3 then, we mush . %Xy breac

e &

bawe e

wWm + 5 D ¢ W) = wza ) v owla, yp)s This situstion ic illestrsted

in Mge 3; waere the Llinsp of copetacs utility avo shomn stvaight and cone
stant atiliiy dilforoncos are vepresenied by linss a cwgcant distanse spart.

Lach that ¢he lingy of congtont utdility are sitroicht constitutes a restTice

tion am > ; since these 1ires reelly roprescnb cots of poiris =ilch are ail
indifferant. do anch othar. In general, there is no veasoa Lo suppose that

the sat of poirbs repcosenting indifferant commodity burdlos should @il 1is

on a straigzhe Liss, erd 47 they doy 1t is ap empirieally sigmisicami, &t

T5% can be ghoun thet 4 macessary candibion Zog o wtiliy fu:;x:tion o exisy

sotisfying (1) =nd {2) 9x that the sss of irdi€forens polnts < ceiied

indifferency curves « bC oirTaight lirege On the otbsy band, tis facw thab
conszany usillly diffarcnoss ars reprecenisd by linss o constent distento
apart doss ao% impiy ~ny addivacaz) vookrickion on > bocawec > iz compleis
1y spocified whon the indifferente curves avd the preforonces among them are

given, This meons that it is Lmateoriai vhich uweility is aszigred o the
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points en cie indifferense line as long ag the utilivics asedgned for the
differemt 1inss increars with the distanse from the ordigine Uz mettor
which way utilities are assigrsd in uccordencs :2th the sbove soadition,
the correspouding preference-or~indiffezence velations, 2o “efinsd Ty
condition (1), il be s sawse

For scme purpcces condition (3) is replaced by (3a) or (3b):
(32) u(xy) = u(x) + u(y)
amd
{30j nxxr) > alx) + aly).
Like condition {3), %mnsc giso have bath an cmpirical and a conventional
siznifioanoe, do®es iy imply samothing cbout > , and they sevve 4o
restrict tho set of wrilily Zunctions more moersily then dees condition ().

Condition (3) is called a condilicn of jadopendence, Thus stated,

4hoyn ig 1it3ie reason o balisve that arny ordicasy sot of altcrmidves, K,

oy

o £

P -2 Y

shoudid satisfy ite However, it is lruquently of iubsysst ¢o sook i

independent subsets of X, say zets Xy, aud Xy one of vhich mey repveseat

smoumts of olothing. which satisdy tho condicion: for alil ¥ in X; and

2(2:153?2} o Zy(alng)} + Eylolzy 1))
Anotier oy Of combining =iternetiwss 1s in propbability disvribe-

tiom=, I.st T and g ba fuo mombers of Ky and kot 4 v « probubiliiye ¥
dafine {4,9\3.«-.(”‘) ai & prospolht of a.wu“ wmiive = with rechabilitdy 4 arl

y with pmb::b:liw 1»4 o For e;tample, suppose X is "go $o a movie”; ¥ is
"study” and « < %- thon <.w,‘1«.<)y> is the prospect of Fiipping & faiv

coin $0 delormine whatasy $0 g0 €O & movie ur wu study. If o io Yplay bridee®

(1) See e-go Frisch, [1ij , or Fisher [i]
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i ic %2 ba moaminzful ond nod an artifach of an arbitrazuy gslecticu of he
- individual utdiiivy funstions from a collaction of equolly eligitle cnes,
¢ o reguires thné individusl uddlity ernlos bo uniqualy dovormired exeopt {ev
het hesp zerc Heintss I the particuler cheizes of dpdividez) widlity farctiens
are more athitrTary shan simely awicctiug Gviging, then ths suciad widikssy
S S
B Mo it e = o et Ve areiatd? ra - bt . o

then .-
z > 4x5 (1) ¥y

megnu playing bridge is preferrod 1o tuking @ 50-50 chanse of geloz to &

movie or chudring,

:}i Y Vi Gf ms::’l’hfnn U’!‘.§1'=‘:‘.'75Q5 1_‘_3_’(_.' 'ﬁm.(‘.h »e ATS com

in Part I o thin report, the utility of a comdnatiion of aliermatives
according to oertain probabilitics is zimpiy the exprcicd value of the
utilitics of the alisrnetives, In teras of the probebility cambination

oparation this ccndition ig Ifemelinicds for &1l x and y in Ky and for ¢ < <ML

(35) alc w x, (1) 7>) = 2 ulx) = (A~a} wly)

5 23 PR 2 o vo v p—— Do T e K B
Like condizion (3) tndis condliden plscos rosirictiony on the _m’l..amm

> ard on she funsition us

®inally, wo indicata briefly sonz of the preposed ways of ‘conbizn~

ing utillivics or praferomces of individuals o obiain 2 social utdlivy <@

rrefovense rolaiion. The mosh chwious wothod of obtaiming o gocdsl whdlilyy

for a grwun, S v Also.o,i 5, of fodividuils is gimpiy o sum theiw ingivide

4]
wal atiditiss: fee gll ¢ X,
il
TSR $ 3
{3b) e(z) = g u,. (X)e
3 - 3 Ay
o KW _:" (S

Tn oquation (167, u 18 wre social wiilily faciion ool 8, 6 W Tuieily

fals

g fa® mn mfb e, d 1
funetion of indsvidus) AL,

2

Thig metrnd of ahtaining o soclal wiibily, if:

<
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function dotained by adding individual utility functicie velectsd in ome

way mey differ from that cbtaimsd from individeal utllity faxisions selected
in anothar way; this differcnoc may be 30 grews thal an dlternative, X
which is pruferred ¢o snotier alitcrnaiive, ¥, according to the first gocial
nti1ity may teverss iis relation f0 vy in the seconmd wtliity functivu, 45
nons of the conditions so far introduced defines a vtility funchicn weiguelds
oxcspt LYo a choice of soro paint, it follous that 8 social ubllity fimotion
definad according ¢c equation (16} and tased on irdividual utilities defined
Trom thess conditionp must be arbitrary. and may yiold dffevent ordsrings
of the sitsrmatives.

Whiin 3% is pessible o defins o cowdal ukility fom indivd
ubilitice in many ways, w2 would like 1o require chadl the soeiel ubtility func-
vions Shteinsd f&ram the individual utility funclicna te sobutantislly the mocma
when ths individeal uiilities 4iffer only in avbitrary solection. By 'sube

tantielly tHS saFs’ we wsan thad the twe ubility furctiong chould
the ssme ardaring to the ssme slitsrpatives.

G‘CB vay of avoiding the &fficultiss introducnd by the arvityari-
nseEs of the wiilivy functions is 49 defire a cocisl preferenas«ep-indiffstencs
relation directly in serms of the individual preference-cy=indiifercaocc roloe
ticmge If 8 w{:.l,m,.-‘-n} 33 the st of izdividuals cod 2 5 & © LyeesD
sre taeir craferenco rolalions, wo c2n veprasentc = ., the dspendsnce of ith

social ovdazivg upon them, as foliows:

)

1=y
[t
)

»

:

l

Hora £ is a furciion of n srsumend places WLLSS arygaBiss are

relationg and whnaa Toiuzas are ratations. ho fach that funstiocnsgd noioiisn

usually asssociatzd with functions shtse argimenis and valves are mumdsrs
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preferentas=ar-indiffsrence relation (aliermatively called a scoial ordering
ar social welfare functici)e The problom of welfare econmmics 2a geoeraiiy
pooed at prosent ie jact what sovt of fungitien should be oelested, The
fact that social preferences are 3o 1S based om individoal predsrcnacs O0WS
that cr governing ideals have a wtilitarian and dmeocratic basie, But jJast
what *hiz relation should be is still vory muck in quastion,

1.3 Questions of Interpratation end Conflirmation

Theve ave thwno fupdameantally different usys of interproting ubslisr
thoosy, each deriving fycm the uze to which the theoxy is put. The {irst
556 15 a5 & dsscriptive theory about actuz) individusl bohavior, oms purport-

ing %o descridbe and predick how individnals achb in sitwations of chajce.

An exumpin of thie ig the attaxpt in Us thasy of comswmer behavier %o pre-
dict ths bohaviar of a large niusver of individaslso and thus tha bshavior of
tha maTiste o soctnd suggsoted interpratation is that willity timeory is e
definition of ratioccilty, By this is moant that utdlity does not
moressariiy Gosardibe vhat an actual perscn would Ao in & given situadiéen

but statos instead vhat a supremely inteliigeni person would do i the ssmg
sltaaticn, ‘the diffovent treatesit of the pruferemee ordexing of individuals
will serve Lo illustrnte the differesxes beisecn utility as a descriptive
theary and utilily as a dafinmition of ratloalidty., Under the first iclsrpres

taiicn, esch porsaa’s prefercnce ordering mest bo transitive to satisfy the

axicme, The prafaronca arderings of some ipdividuals, hoewover, mighd con~
“pin Eycias R S 7, 7S %y and 2o oo which vidlata the transd tivite

respirenent and scsu U0 b incongistent sats of preferencss, Thass %insons
glstentiss” oight o expiainsd Uy tee iypothssis that the irdivigusl is
practically incopable of keeping 51l hic preferences in uwind at angs and of

warking out the Dull iuplicstiong and Logical interreleficas omong thenm.
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This crgumment is based on an implicit trensformaticn of utility thecry from
a descriptive thecey to a defimiticn of ratiomnl choins making behaview, and
explaing actoal bsbueior in terms of more o less doviation from the watiomal
MM, These Swo intespretations of uwtility might he conpared to twe possidhla
ixterpretatiore of a theary of logics o% &5 & dsscription of acima) think-
ing procosaess the other as a definition of cormrsct thinking procssses.

These twe intesprotaitions =f udility are not unreleted, and it mwy
aotully bo Deacinle ot times to take the defimitien of watimality as a
good spproximation to actnality: It is casumod that each individual tries
40 be rational, i:e., iries Lo detexwins ths best means of atialning his
dogired ends, just a8 a person wiss to Think logizelly, though ho may
invoivrtarily £ail ia bodh cages. If the chaice gituetien with which tha
pervon is confroated in nob oo complicalad; he mey be able to think ‘urosgh
nest of the alternatives and theivr implications, cnd arpive at a rationgl
set of prefsrences, in wilchk case the defimitisn of rationalily beomss o

éssoriptive theorys

;: Ths thivl braic Sntarpretation of wtility ig as & meagure of ethical
5 Roud, The problem haxe i o deternine what, in some semss; in the Thestt
| .
;; action for a soglety or its goveroment o tally, given the uiiliiy aoeles of
: the individuals composing it, Unlike ths fivsi, tuop theories, which ore cons
§ cormed pilmarily with cingie individusle, the lus® tieory basomos Lxteresting
‘i‘ only whon the dlsm i3 tC dstewuine the action of a socicty of wove thaa
ES
f one individual, A coniciy compossd of & cingle indiwidnel, a "Robinson Crogoe
g gsoaiety, a8 no sthical problemc bocaise 3t sirmply acty in accourdanse wwith
B the utility scaie of its ooe mordep, Under ubiliterian evhies, "uliliy fiw
{: individual AT and Ypood for individusl AY are idertified, amd the problsm is
& t
i
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somehow t0 drmive a #ocial good, or chility, froa ths individusl utilitiss,
semam of wieh miy be in conflict. Ve shell b conoornsd oxly with the first
+wn interprstaticny throughout the yest af this reporte

Befure 2iscussing special probleus of intexpretaticn and confirma
$tiom paoriisy fo the three diffeynnt Mdrds of ulility iheory, we might paint
out in a gemyal way how these thiree types uf interpretation affect the
peoblenm of confizmation, In willity s a desovipiive theory, the nrchlem
of eonfirmation im 1ike that for other sclentifin theorisss if the theory
is true, then the statements of the theory musd descride actunl behavior,
Hones 4% 1o pecassary €0 cawsile chservavicas of individnal hehavior in
cheden situations and ses whasthsr they coreozpond wlth s&al tis theory yradicta.
unile this confreemteticn with expexiente i6. @8 wT soall =22, not very straighte
foruemi fop wkdlity dhecxy, it is at leash faiziy clear what surbe of lests
ths vheory must mest succsesfnlly in order 0 be actoptahbia. 1The ardinwy
motion of Teoiimatis?® is, howdtor, ot applicabie to the sscond kind of
utiliiyo, These theuries arc not meant to describe actual vehavior, =9 it

oot guneible t6 foot tham Ly confropbting them with 2cinsl behavior,

Interpretad a3 a defianition of ralicnnilily, whility thsory can only be tesied
by sppealing to g gort of inuveiivive fdsa aof mhat rationy) behavior is ik
snd showing that utdlity thecry does doscride this bohevior, HMuny of the

¢ . .
B creuments used in Justification of the axiows of various varsiang of utility
e !
E
E theory make just thic kirnd of appeal, In samo cancs. tns dafinition of
L3
' retionality may cantain o coleuluns of utiliides by whach it i3 possitie o
campute usiiitias for coplox alttermatives fzon those of siwplor sRlarsniives
in 2 mechanmica} vaye In thooo cansz, ukility theory may scrve 2s @ mental
{: laborsaving dovice, mach as do the rdles of erdithmstic wideh we [&low
S AR 7. e mpame '
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blindly to save curselves sndless and lshorious countinge. It is than ab
1sast theorelically possitis to test the defimiidon of rationality by detsr-
malng 10 cne® poxdticn is actuniiy lemroved dy aoclting in accordance with
it. We ashall pouint out & very simpls tost of this kind where the defini-
Hon of reticzality inclvdes altornmaftives with risks.

-Tio sawe sort of "confirmetion® is gpplicable 2lso to theories of
social goosd baged on individvugl utilitize. bviocusly it is 0ol sommibas 0
g0 o actunl experisace %o test 4 Whedxy ¢f the good; bacsuss zach of ewperients
iz thouglt tc be bad, Ioucs, ones zgain it is wossible €5 icoh the theary
only »y somewing it with our intuitive nations, here, of the Ygosd.® By

appealing to irtuiticn w e mypealing o somoething vagre and posgibly

3 < 3 N 3 & SR By e . -3 o Py
sontradiobory, and it io desirallds te ry ic formuliais &s pmetissely &a

poesible just what e "latuilive® conditions are which uwe expech ny thsory
of goeinl uiiliyy o satisfy. 1% hes been ore of the great distoveriss in
walfare eoonamces in wmmoent yoors that corbain of Hdse indmitive condltions
ars irecngistent. This weans that il 10 impcssihilo vo constyueh a sordal
wifare function cut of indiwvidusl prefercaee ficlds which satisfior simile
tumacadly all the intddiea oonditions Lo what 2 gnad omlfare funaiion
shoald T3

We toxn now ©0 the problams of interpretaticn and eonfirsmtion

paculiar 20 the different interpastationg.
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1.3,1 Istorpreistion gnd Confirmation in e Descriptive Theory of

W hrwe flready indicated sae of tle alternative intsrpretations
which can b given to tha rrimitive notionms, Ky 2 , ard u af utility thexxy.
Ws have paid spucial attesticn to K; the swi of alternatiwas, Corrssponding
o Gath interpretation of K is a varlant of each of the thres basic types
of ntility iheoy.

Only a fow cf the possibls variatiors in K have so far been indie
cated, Often = alight change in tis ANUErpreticinon may Jhusgs s prefer
encs patisrn radically o wen have ag a consequens® that the sxions axre
no lcngey muticfiocd, We may zite as an exomnls of this a situation whiaoh
has beon cesoribed sa proaf ithat prefsrence orderings need not B ?,rar.-.".t.i.veo"’
Tt has LSon ShaorTed for nome andmwals thai they are prone €0 prefer abssnes
of pain to Zood and food (absence of hunger) te 2sx, und o8x to abseuse of
pain, If w2 lei ™ p%. "2V, and "s" denote pain; food, and sox respectively;
ithe =nimslni proferenrs rslation rums thmse (ot p)>2, £ > s, and s>(not p).
This is not a traasitive ordexing, and if appsars thail the behavior of tha

animsle ie not desoribad by utility cheory, HowcTor; we =ay cusugs the
iﬁtﬁ“f‘iﬁ‘E‘éE-.-_E =2 :—:: enialy had orevimagly Irso2uced Gush s fg ant g, Y0

includés ag woll ail poesible cdingtionrs of timse thiee, If absense of

pain ig preferzed to food, thiz mpt meau thad the cabination of no pain,

no foody, ard no s&x 1sg preferxed to the corulnation ot pain; feod; and no esx.
In gymbolas

{not p, ot Z. not ) > (p, £, not ®).




an.)

! Sisdlaxly; if food is preferrcd to sex, this could be intarpreted to mesn
the cbimetion of no paing food, arnd no sex is preferred to no pain, no
food, and gext

(not p, £, not 8) > (not p, not 1, a)(.l)
And finally the thira prefarepce may be wroessnted syabolicallys
{p; not £, 8) > (not p, not £, not =),

These threo profsrences are not circuler, and 1t would in fact be nseeszary

to include 211 the preferances smiag 2J1 iUw possible combinatione to deter-

mins othar or not thia relation saticfisd the oxicms of utility thees.

This exremplo should illustratc how aritiizlly dopondent uwtility theory is

ca the interpretaticn of X,

While it ic Wlear that the sofs K and S mugt be carefully defincd.

the moaning of "ind rifcel? and ¥altornatite? is fairly clsar onns this

has ba?.n' doxe, The o33y formidaide problzen of interpr—tsation and com-

firzation orise in corncotien with tho prindtive notionn & and uy, e

understand 2 intr’lUooly in terms ¢f a midbjecidve feeling of attractien

ar aversicr o the 2licimatdvos in B, ond imigins that othors heve similar

feclings, Hama@ver, tboie sudisciive Tesiings aze nov & good basis for a

deseriptive Wwory, since selomes is in no pouiiiecn to cbserve them daixrvsitly,

even in cases in whish Lt secis ¢lesar thaeh thoy sxist, It is evan xore

provolematic 0 &Rots SRS such Cocinacn WaRing agenty A% COrpUTALIUNS ur
wvernments have fexllins, and heres (o svbjoctiva dnternrotation muist bo
abandaned entirsly in srplicz=iens of utilily theory to this type of “individ-

val.? T4 i3, therefose, necousary to lock for snolher interpretation foo 2

one which ©.14 b2 or.ienvidledily veeiil,
a 1Y Hemmver, 5T foad 5o prefer-ed o sox ia antorprwied Lo rean:

{nane n. 2, nob w) > (p. not £,8),
then the proferenves wiv circulas, 70 s e cipar f1om May's desaription

vhich of thuse intsruretaticne is corressy:

- e L T e e
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Tuo altermtives are available: (1) to ask the individuals to

145t ths alternetives in arder of subjeciive prefercnce and {2) to dedues
the prefersnon pettern frax cdsoriaitiong of behavier in chalcs makisg
situaticm, The firw: interpratation would seem to be nearer our intuitive
icea o 2 . amd it would oleo be morm direot. But it must be reexiisd
thet uddility thoory is intended to ti u theory of actual decisions; snd whatd
peaple say thay would do in 2 zdtuation is noteriously & very ureliable

VD e M PN P Y e N AN ] - N
r.'.ua.wa Y Nm.u. UTIMITAUL Wil ‘andy o« ;iouu“q QIRAITCIVOx Waisa A% -

gocond alteornative aveids tivig diffieality, tut raises tho guestion of how
the predorence relstica is 40 be cefinod frca chsorvaticns of actusl decdi~
sion mokings, If x cad y ayre two aitvecustaves. and if x is slwsye chonel over

7 wicnever a cholss ie preseniad, then clearly x is preferrsd to yo The fact
that x iz slweys preforred to y cewands thet the prefersnce-or-indifferenie
relation oL change throughoud the inbteyval under consideration, Cammon
semme, nowevsy, tellc us that prefersice patter.w cre constamily changing.
Tha fect that ¥ ney chunze brings irto question the vsefulnsss o wtilite
&8 & depcriptive an.. prodictive theury., Thougn wo may wish S predict =
actaal choica 2 porcon il wuie when canfzvrited wWih coriain ailerpatives.
wbility theory 42123 o oniy that he )13 choose that coe with s gresiost
aslity, bnt net whot hig preference polisen is. end heace it does nod
1eelly emble us to prodics his bshavior, Only undar the scsumptdeon that

2 does nolb change d¢uss utility beccrc useful predictively. As wo kuow,

2 ghanges in the wréncing b ageritoe o cortedn slternatives: wo €0 nov
slwayr d¢o the sare whings undey e smie clrowmsbances., It is ths hope of
whoss wWio usa uidliyy as a prodictive thecry thnt the preferenco—omeindiie
$rence relation ip colevtively stable inm ¢ao ordering 4t assigom to the

aitamantivos an w¥idcih 4t ig intersatad.




ds

|

——— S ————— 5=

—
VPR e 5 o e e D . 99

w33

Whether or nch is siable may dopend on the definition of XK.
For exmupis, smppose X consists of vectezre {my, Xp> representirg x, loaves
of tivad &k Xy quarts of milke AvD Zn &nd X, to bo iuterpreted as aponnts
to be aequired in ad2ition to the wsourt of tread and rdlk on hand. o as
votal amounts poseessed afier the soquizition? Under the first interpreto-
$on, u( <x;5%>) is the added nislity acoruing fros ths soquisitien of
o X and 1t 18 likely thas s widl nol oe susdle, but will vaxy with
the smount alrozdy on hend, Undor the second interpretation, u( <%y, %o )
rspresents the utility of & certain totsi smeint which includes both a new
acquisitich and what is already on hard, and it mxy well ba that theve utilo
ities and tha aesocintsd proforance velation will be falrly stabie.

In cases in which = is not siedbis and X canpot be reinterpreted
ay indimuicd above tu find 2 corvesponding 2 which is stable; still ancthay
msaning csx v sosigecd to © which does rot domand that ths zame alternatbives
alwiys e chossn in tin scame circwstances. Ia this interpretation. x>y
woans thot s percentage of itimss. g, thal X i3 clicsen vhen the only altor-
natives sre x and y is greater than o @qoal 0 #» That i x 2 y moans thew
X i= chusep over y, ou the average, maw than or ag ofton ag ¥ is chomen over
X, This noy Lo regardad as a generalizavisn of the case of zizble preferonces,
in which 4% is reqoived that p must bs sither X or 0.

The game rermorl= ap have Lean made aboutl the old interpretavion of

are apoiicable o the new. T& isg mesantial., if utility is to be used

predictively. what b awlative Dreguousios of the cholcos oo shchie, Hore
again it is important Lhat X ba aptarpreiced sporopriately.

I should lixe o turn now to the probiem of confirmation, Fwven
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imnosgible to teseé all the mntemsuis of ntility thsory by comparisg themw

with the facta, The reiative frequency inweipretation of = requires that
an individual be zanfronbed many times with a choice between alternatives
% and ¥y £ an estimate of whethor x 2 y halds to have a mmall probebility
of errore But an individuel is very sildom confronted with a ehoide batweab
Just tuo altornaidves., Withoui the pesgibility of testing all staiemsnts,
amd partisularly, af miscoverdbz an individeal ‘s preferenco=or-dndifferancs
reladion, it vecomos o watter of deaiding vhich statoments are irportanc
for the spicioatie wiker comsideraiien, and $rying to test those, In tiw
classical ticory of congumor behovigr, the aim iz 42 Zosaribe iths sonsred
twrends of large massciy of burers, Fere it 1s necosgary to g3cmme Soms unie
formity oi tastwse over large clesses in order (o pensraiize i{rom the nref-
erencss Gf the Axdividenal. In gonoral, the relniion betwesn the axiaws of
utilify thacay. or ag thomy of irdividoecl bchowior, to the macro-phencmena
£ sosial trands is oours, ead b 1o oxbverely cuostianable whethor the
actuzl snoeeas or fatoro of the macre-thawry is cruciclly dopecdent on the

datalls of the individngl wbdlily wWmwoeiy we sizich it appeazrs Lo be bassd,

The newexr theory of Dornoailica utilities. which pdaces mers sapiricsl reguirdw

ments on 2 than the classieel thaory doap. in nore susgsplibie o dizet
confirmatica for this rongon, As with the dlessiesii thoory, though, it is
absurd Lo puppese thot 1tg axdicmg ars satisficd oxactly. or that pralezence
pabterns sy porfoctly steble, even wiwo interpisbed os relallss Jregus: o
Henee the thoory has {0 be trealed as an rpproximaidion ¥ il in ussd predicte
ively at ail. 109 protlem of Lesting <wiler the tieory is a good approxi-

aatien iy B Fiendd. and can ¢nly ba gansitly nantempied ralzilive o certein

s o X CRC DI B i I AL 5 o R . P
gpecified intevdrd apniicalions. Ap yol, Sornewilian wtilitias have besn
rymesV Tor anwmmos AL eemanRT ol lern A IS aeda mace
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1.3,2 The lefinition o2 Ratiomaid

TRility theory as a definition of rationality is concernnd meinly
with the behavicr of single individvals, whother parsons ar organizations.
Here wo are no longsr comcerred with pradiocting behavior, and s0 need not
require thet the prermenes crdering va svaple over time, The object 1y
to deseribe some of the rules governing the choios to be mads gmong a care
tain sel, af altsraativen in order for the individual best to achieve his
objectives. TIhs thooary, tiap, ik to be zested against our idea of sbat
actuslly coustdtutes intelligont behavior. We cdo nol expsct iat the gesls
of Lxtelligent individuals will siweyt bo this seme, but only that e sbould
sect at any sdven tdime o achicwve mest zucoensfolly the goels ha hag at that
tice, We 4o nol regrire eithe» that the things denoted Wy the primitive tarms
be objactively cbsurvables it is sufficisant for ths rotionel individual to
be awars of hiz oun oins at any wWim2, whother ar not these are lmown or know:
able to oihnrae The main questwion to agk of any statecasnt of ths thecey i
algsyes doen iv deso.ibe rational behaviss?

Th: requirenent that 2 Le rangitive. ag part of a defiriticen of
rationality. has reccived somo attention vocontly. tTha itransitivity condi-
tion would nppeur o Lo an imwdiate consaqurnce of the trancitivily of the
ordinary English relaticn of “teitier thun or 23 good as." By the wulas of
e , BSaEBe 1L X i batter ihan oF as jjood &8 ¥, &I ¥ 1S Setler taan or
as poed ne %o RN X is Lelter than o as govd a3 %o Ths ratiomsl m=n i3
supposad to wrder X and y such b 2yl and only if X is balter than op
es good 23 v, Therceiorsz, tho trangliividy of 2 follovs. Howsver, this
svgmmernt yrorlly oaly celflects the orinina’ arestion book to asking vy "botter

Lhan or ag aoed ag® chedd oo o wrongiitdve yolation. Yo mony canes, 3t 3

26 - -
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not at all otvious that raticaal preferonce-oreindifference chmild be

T e W e ien -

trangitive, sopacielly vhere the individnel mny have severzl iivoress
which may confliot, Muy* has given vs an oxaspic in whch mele studente
were asked Lo list prefersnoss smong giris &s progpective nmarriags part-
pers; vhere the girls had varicus cembinctions of lociks; brains, and no
mongy profe:Ted to plainness, breins, and money. pisferred to loois, dulld:
ness, and r:omy. preferred to looks, brains, and no roney. If can, of

mrmcemme b At Bemad Ao h Eda Lo mm P loeon B e il e W Ll Leed AL B
TLRES TV o0 VDot te Vi v VA Seld B aees Vel VI e dh RS ireed g 5 WAl W lA

clain ig not eaxily justified,

Daridoon, McKingey, and Suppel [7] pive & mere conviiicing argus
mant for transitivity 2o Sallows, Suppeoe that = > ¥, ¥ > 2, and 2> %,
and that thy individval ia progented with 2 choioe amony fust thosca aliarna-
tivog, The:r, ne matter which one ho chaowss, there is o he prafers 0 it,
eanco ho should not hnve chossn ite

™s guipulacvion that 2 be a wsel ovdmrang ig also justified to a
certain axtent by tho Cash ot 1t gimplifies the mathomaticn! prohiam of

A3 wss s camesn Pmummsy o AN el mmem s
3 :
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ordering ia order Lo o uldlisy fwedion Lo .

a
*
0
(S

ot ab 423, and honce remceve
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ing ehin conditian ranovag tht possibiliyy of e uwbiliity theory.”
e S L 1 - A

2. An spparont, gxsacition o ihig ariscs o ihe theery of consmmer hebwrior,

Hers the ma‘n propociions arc expredsed in diffarential eqv*xhnns Juveiviag
the dewivatisw o tho ubtility fvmciion, It mny well Le that theve equstions
ars not intagoahle. 1 4t hag boen showm 4~)v-~. thaier vomn intesrahilivy ie

- - ¢ ol GLY B
equdvalent 4o the iriroositizuey of he preforaies welaiion.
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Ag in the case of the predistive thsory, the gpecification of the
claws of alternativas is imporbant, and poor choice of K may make it ssem
that. tho preferente=cr-indifference relation is intrangiwive,

In part I, <n Berrncullian gtiiitios. = ghall cncountsr many mare
assmpticns ap tc what constitutos reticnality: thease ssampiiens will ba
sxained thers in detail,

ic3,2 The Defimidion af Good

Mest 6P the remarke uade about tia problem of confirmation of
utdlity theary as a dsfinitica of rationality apply here olgo, The method
of testing can only be & campsricom of tho siatements of the theary with
rrovicnsly held ethienl vicwus. As we have poimnted ovt, welfere sconamics
esauntially invalves litorporsoml campsrigons of eithor prsfsvences o
utilities, The bagic sssuzpiion invalvod lisz in the fack that utilitios
a3 measures of the good of alternestives o the person invalved, wxi that
socdsl zood i a funciion of individaal goods,

Tue quesition of inlseprotation axy be Jivideg 1ato o cotegories:
(1) waich o? the sot < eligibie uitility functions actuslly representg the

s £

£ood? and (2) how sholl these utiiitios do gmbined o yield o meopanxze of

[4]

ocial utilitr? In conmsction with auesticen (1). ws have poinited out thab

fines e wbidiy functlon vmquely. If Ww al=cllon o vidiitdes to Teprs~

e LA

gort tha irilvidnzles of the soclety must bo arbitrary,; wo must require wuluit

the sonial proferescy orderding dedined fvom those o Lovavlant for arolizen

&

1y differing choices of wtilities, I ¢ enle for cozpownding doss not

satlafy this repoiveseat, it st be ebandonrd. or olre a rew conditiesn wast




=

—_— — e o m———

~e
LT o

be sought wrich resicicis the range of adidissible individual aiilities o
such an oxient thut the soclal prefexvances owtained ave the sams for ail
aqunlly adsissible Individual prefoyencege

The abeove concivien wodich must be sabisfied hy 2y mothod of oo~
pennding individual uwitilitiss i o famel restiriction which nany different
metheds may catislys Presumsbly the method actusliy zelenied will be dster-
minsd by ethical conalderaticns. We would, for sxamplo, prodvably like wo
Taqire that the campcending msthod give equzl weight o the utilities of
difforont imtividusls, Wz bewve nuied thadt the problen of defining a social
wtlity Lmrardiant under axbhitvary chonges of indlvidusd wiility can b by-
passad 12 the goede) proference gopls iz defincd divectly in terss of the
individunl preferencc gnales. in gersrall, though. the question of whet
mothed @il bo used fo- this dofiniidicn g an oihiesl ore, and thers is no
gensrai agreemsnt on Lts auswers

In cam we 7y say that tho probloms af interprotation and sonfiima-
tien of this woird Yo af widlidy theory are simddar to thoss for tho thoor;
of raticuality, bub tiwt tho basic ethicel principles with wWddch the dheory
oozt be ooampared awe wuch moio in deuwdd T Lo Uhe dinbultive conesplden

of retionmalityo
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2, Baraculllan Utilitles

2,1 Introductions the Problem sf Raidonality

We noted in the introduction thnt one of tha possible interpreis-
tions of utility theary wms as a definition of ratiomality; and noted also
the connection which thal inierpretation has o its interpretation as a ds~
scriplive theoiy. Thronghout this psrt v¥s shall discuss niility theary
shicfly as a thsory of rationaliiy, because it is in this iight that its
pricciples are most easlly undorstood, To appraise i hypothssis introduced
as a princinle of rational choiee it is only nccosgary for us €0 raview ouy
osn atiailive feslings o5 W uisthor eampliymert of the principls actuslly
would 1lead <o demivabie consequences: wharess to farmulste or evaluate the
seme pringiple as « deocription of actuai behavicr inNvoived us in MARY COIpLex
problems of empirical inmterpretaticn and verification, Frcu an sapirical
point of view, then, us can regard principles of raticnelity as heuristic
guidag suggosting erv’:ical hyrnotheses in f3aids of behavier in widch thspe
cre diffisulis 0 famiaie,

Talsn as 2 cusory of raticnalilyr, Bornoutlian utllity abttecmis o
forradate principles of intelligent choice in gitaaltlorns in which ths i
ceEw of any chaies ig suvjoct 46 chancs influonces. & simple exanple ssvwes
to illustrate this iLypo of prodlen. Suppess &4 nan is offexvad a choiee among

2 R - . 1 - - -~ -~
MDA WEACSUHLIY Wi ed LHLooLOUIRNDS +o bet o dallxy hat ao wdiase

coia will
fali heads, to bet & dallar that the sems ooin will £all $aile (in oach cass,

[4]

if he wius, ™0 wing a cdoller), or not Lo tol, W¥e may call these thves scticps

Zqp Gpo and aqs Begicog ths peb of sitlong which the man mvst ohoose ks,

there avs thres possinle cubtesaes: Lo win a dallor. to breat even or i




e

loss a dollar.; let ns call these Xy,7,, amd Z3s respoctively. The man
will chooee that action which lends te tha cutcome with grestest utility
(assumiry he is ratiorsi), Ve ocuserve, nowever, that act all the sctions
lesd %0 & cartein outcime, Action a; is to bet a dollar that the cuin falls
headss s0 under ths assmption that the owin is fair, taking a; means takx-
ing a 50% chance of wiring a dollar (12 the cuin falls hsads) and a 50%
chanes of losing a doliar (if the cain falls talls), Therefare teking a,

is equivaleni, to taidng a 508 chance of %, &xd a 508 chanes of =0 In the

same uxy w3 sse Ehai ap is eguivalsabl to taking a 508 chance on x5 2od 3

504 charcs of %y and only &, lsade to a certain outcome: X, {breaking sveajq
o

To deside viich af the tiroe possibls astione to take in the “ore-

golig sx=maplsd, the man must not oniy be able to evaluals cure prospacts

{%a3ys and ) 4n 4his case), bubt various probobilitiecs of getting there,
ami Darncullian utility provides principies of rationglibty here, It wss
noted in the gapers) snzvoducticn that Bornoullian utdlisy gives 2 sordinel
measure of utility, ciod it i ~agy to sse fren the example why the evulivd
tim of the rigk aliaraalives domands a measure of tho relatlve magnitudes

of the values of the outcomes X, X,. and X, In trying 1o &&Tide vhether

»

A dadm

Lo take a 5050 shenco of winmdng agsingt losing a dallar, c¢r not to betb,
it is not sufficient feor the man simply £6 toxe into account the fact thab
he welsers winming a dliar to bresiung 6ven, ané prSiars oreaking even 4o

losing a dallar, If Zhe man grszily profers wirning a dallae to breaking

even, and oniy slightly prefers braaldng even o losing a dollar, hs i

1ilmly 4o »ish hds wlusy. L7, however, he is cautiocus, aod cares less for
P e

dming a Goilar tian for keeping himsell Lron losing & doller, he will be
iikeiy o vefuge to bok. In any case; Lo wust bake into account ths magni~

Usswr

tude of mis 1iking for the culcimes, nol just tho osdinel walationaniips

Fall B TN e, e .
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(at 1sast, tais ssems to be true for rational choice),

Befure passing to corsideration of Bernoulllian utility, let us
note triefly a daﬁnckimﬁiehisgemr&llym&bctmthooﬁn of
dacision vnder risk and decisian undar umcerteinty. The exmmpls given
ebove illustrates & problsi of deaision undsr risk. ITa this exsiple ths
persan Shooeing the acsticn does not know what the actusl result of that
chcfoe will bes i.e,, if he choomas Lo Lei a ollar that o coin will fall
hoade, tDO TWO POSGITiIT OTICTMSS M8 Winning & Guilis: &k i95iGE & Goaies s

but at the time &f maling the degiedsn the man doas not knoir whieh. He

2.

ces, however, kncw tia ralevant proebabilities. In the case of decigion
naking unday uncertainty, nct only doss the man not know what the result
of his schion 111 be. but he cAnnol even asaign definits probebilitdes

4o b vardieon= pessibis culcouos. Vo noed only change our examule of the

bet sliohily to 11lustrate ihe problem of neidng a decisien under uncertat pa-

t¥o Suppose the man is 25 before required o chcoss among betiing a ddllar
on heads; a dollsr ¢ wails, or not botting, Dub now, inctcad of veing
providad with ihe informatien that the coin ir quesbion is a feir one, m
Gdoes not know wnethcr or noe ths owmin is biusod, end i¥ iv is, wuel e~
bility it has of faliisg heads. Still more usrouasive sxsmples cecur in
many familiar situations, Nearly overyome has found hirsaly at some time
waiting st 3 bus gtep for a bus abont who2e scnodnls he ig Iin mimogt e
plete ignorame, It way o lale at olghts; und o deey oot know whether
its a5t bus has gone yetk. He hag then 0 deeide whether o sait for &
tus ar stert walldng, avd if hs wnito: for bow long. This cxarpla is as
no matter of £lipping c=dinp with known prooabilitisg, or even of knowing
o ¢ufinitsy probabdlity thab the ug w1l como in any intorwel of dime,
The informution on which e gea nush Lese Mo desailsison in this cass is

mueh less sfindite,
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In the cage of decdsione under risl; there are intulitively wery
convineing principles of ratiocal choice (these load to the construction
ef the Bernoullian utility function)s; whereae thare axe, except in eom
rather special cases, no such well-founded principles in the case of doois~
ion nnder uncartainty. We shall note sam proposals for retionality under
uncertainty in the secticn on applications to theory of gammes and statisti-
cal decigions (sesticn 1.3).

2.2 Bernovllisn U%ility Functions

2,201 The Defining Conditicns

If we conzdrer risk combinations of just two onteapes, x and y,
and a probability « ;, then <2x;, (1 .( 'y D denotes the unceriain cutcame
of getting x with prc-ability and othsruise getting yo Then, if u is
a Bernoullian utiliiy function, it must satisfy the conditionas
(A) u(x)2uly) iIfend iy if x2 ¥
(B) u( <.< Xy (1= ;z > )= ;zu(:) + (A= o« July)e
I4 is sa25y tc soe hou the fach thut u satisfisn condition B implies that it
nust be & cardinsl viility, Indeeds if ithe uiilivies of any two (not indife.
fercat) alternatives. x, and %, ere chosen, then tha uwtility of any othor

alternative is deterinsé wiigquely by itz posizicn in the prefercnsce scale.

For sxamnleo, suppose 32 and ¥ are alternatives of gatiing nothing ami gete

ting £1.00 respectiv iy and w3 chose wlx.} = U and u{x,) = 1, then the
3

utility of 32,00, u(x{,) is determined by Yinding the probability. «
Por which the compowd mitemnrtive of gotting BEL0 wiih probabiliby £ oz
eloe gevtirg nothing in hoeld g InXf0steny W tho alisroative of gotiing
£1,00 for suro, L theze owo alternatavae oro ndifieremi, then

, .

> 5 = ulxg ),
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and by squation B,
*u(xz) + {1 & ).'u(xo) = n(xl),
4u(xa)  (d= £)-0 = &
u(xg) = %o
To pay; for exzmple, that the wdility «f sy alternative x 1s tuice that
of cos dellor s:.zgi'.., @acas thah a 50<0) chause of geiting x or acihing at
2ll iz Mald ag inddffevont to a cortasirdy of reesiviny & dollar,

It szhould be noted Shat, accrding to the dafiniiion of the
Bernpoulllan atdlity fudctlon, the fact thel oo alternative may hive twics
as mxh utdlily a¥ anotisr (rolative o an sxbitrarily chossn sare) says
nothing disso=ly abouc whe subjisedive namisude of tho pleasures dw to
ssoize Henes Barncullian utilities <o not aecesaarily rely an a stbjcctive
oompariszon ¢f magnitudes of pleasurc (cxcept as thess may entur into the
detamination of the probabiliiies at wiich unceriein alierratdives are heid

28 indiffercat,

Of courece, i moss Facy that we hywe a sysien of preierences
imluding un-ertaintios does not gusrazize that poople Go or should hale
the utlliky of sn uncestain evornt to be aqual Lo the expecisd valus of the
ctilitdes of e wents of waici: Lt is composed, lore strdctly, the existerwe
of a utdlity funviiscn, w, eatiafyiug oopdigien R ls not gnarantesd far aliere
natdves involving risks, We chell give & sot of sery plausible axicmm from
which it is vosaible Lo daduce thav a Barnoullian utility function exists,
but it 15 workindile 4o note thal there ig

o and rogann to halicorns $hat these

axdomn ora noat obeiadly «m%’quiM“ a the e ovisme hava bxen nranosad
S N0 oTRALLLY sfvielied, and nhen OTASE Oxh ome havae DEen nrandrad

F £z which the=ze s8xisis no Bernoullicsn uiflily fureilone. FNons of the othor
-
systens leada to wbiliiy funabions nearly as ¢imple as the Bernouilian, aed
TR AN VT SRR L T Sy D BT E T e e, e figs T ol vmmm?g“s. e
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%0 dote nons of the alternitive systsms has boen made use of in applicationa,

Abandoment of Bsanowllian utildties wmld have & particularly disastrons

affect an tho theary of zemes, in which the equation of condition B iz contral.
The first explicit use ¢f a Berncullian utility function was

made, a8 vhe pame suests. by Dedal. Berncnlli, in aun attempt to explain

the famous St. Petersburg Paeradosr (uwhdch will be dssewibed in ths seation

va tke uillity of moncy). Berxnmoullis hypoliesis wus that the value of

moray ig ot directly nroparuionel oo its E‘I:li)l.lm}gg but »2thsi: vo its logarithn,

and that tas veiue - @ ~szk ocobinabtion of vercicus stouais ic squal o the

mathematical expeclaiim of the values of thoge amounts. Thua, Bernenlld

postulated a bermowiiiaa ubility Lo momsy, st assuwed £ apecdal shape for

the curve udility va. monsy, The fact that Eernculii siggested that walue

is net dirsotly progorcional to meney is whit draus atientdon to his uss of

utilitys howavers the cabinetion of nhilities accerding to condition B had

been Lacitly assumad Ly tnsories of gadiing refere the time of Bernculli.

A1l thage theories wore basad on ths assurpticn that thr gamblexts oim

should be 10 fcliow that gouree for whiech the axpoeted valus of the money

winningy is the mess. Even if the veldne of mopey is directly proporiicnald

t0 its amcunt (tha ro- action of whioch assumepiion wes Bernouiii s contribue

tiom}, 1t is still am cddibtions) asmumsiion that those valsos should cabine

%
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The first wedorn appearanes of Barncvilien uiilities s in tiw

Theory of games and & oncui.ce behaviod™ by Jern wea lewmann and

Cojar Morgans.omm,

where it servas a2s o btasis foar e Lreory of pamcs fna thad ke virco and

logses are &ll eaoragzeed dn WGAdGy valosss In this bealk,; thn zzowapiicns
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in a oset of axioms on the preforeaos~on-indiffersnce ralation, and it is
rigerously Jdemonstrated ihat a utility fumaction with the required proper-
tieg, 1.6,, ons wirich satisfies conditions A and B, exisis, Subsequems
developmants have chisfly taken the form of revisions in the axiom systex
to get axions from which the cdoduction of the existerce of the Bernoullian
utility function is moro trangparant, o 2ise suggestidns ITr wtakening
the gystem oy omitiirg ome or more axiomsg, ‘the axians we give first are
egoentiaily thoge of won Navmann and Morgenstern, presanved in slightly

iffevent nstation, Later ws ghail deceribe an altcrnative system, and

R

o how th? wtility functisn is construcied from the rr=farsncc relation,

n

02,2 Ths Trimitive Nolicus and Their Intoaprotations

Car axioms {and other rolated axi<us for Dernouilisn utilitdes)
arn based oa three pximitive notiong: K. 2 o and a "risk operator™ whieh
will be axplained baicwy, X amd = hLave toon explairad ot Yangth in the
introduction: K ig the class of alternatives; and = is the rclatiom of
sublective proferavec o indifference among ths ai.témﬁveso wS have
mentionsd the righk cperotor brielly on po. 23 of the Intvoduction, Let
x and y on -a’l.emen"ss of ¥, and et ! Lo & provehility such that O .! 1.
Then Gex; (1o «)y» is a meebor of X inderproted as tre alternaiive
A& et &

iaon OV U

'4

[T

Biéh prahah iy L o cihorulse gocHng Yo

Tie basis 1nLordTaLed NEopRsiiiong of hs eysvdn aAre Just uhose
¢t the faorm "z =2 V., moanaing Ysiternativo x 49 preferred or Irdifferent

¢ gltsTmative y." e sheuld note fhav aLliernowivng 19 compsrod oady

&

sure outzmmes, Thus o doioraine vheihes %% > ¥° holds, we might asle,

]

£
ra

1L you wWGET) glven tha choice of having i £or corein or 7 foe ceriain.
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which would you chocaa?® It is meaninglese to capere 2 probadilify « ol
getting x with 2 probability 2 of getting yo Even whors a campound &iieria-
tive, 4%, (3= « )y is compared, th2 compound is itsulf regam 2z osrtedn,
though neither of ita cormonents is certain: To say that < (=, (L= «Ljy >
is corvain is only to ssy that it le certain thet either x cv y will osacur;
tut whieh ene is uuosriiin,

The focot that probabilities appssr in cur syslcs would sppear to
invoalve us in the thornv controversiss surrounding the defiludtion of proba~
bility. Those, howcver, can be avaidad to a covisin extent by avoiding

interpretingc« 7 (3= o« )y > divectly, amxi soeking to interprod it only

toe
"

|

in puch goutaxte as Luw{e V> = g divich are indeed the Turdaunutel
ones of vAliity thecyy, 'HUx(le )y > 2 2" moans "Uha campowsd aluwesmi
tive of X with provsbiiity « and otheruise v ic praferred o¢ indiffevent

0 x.¥ We dsn snvissge this compound<iix.(l: £ )y > as an actua) phywicd
glivarnative, OF suppcaing ¢ ir & biassd ¢oin with proozbiiiyy « of falling
rade, Then X, {3~ < ly> is U alternative mich coneisite of Flippirg

¢ and taigng x if it ‘alls heads and teldng v 1L 4t falls teliz, 7 ntdiisy
18 Anvarpreied as & doporipeive oheorys it ig not neccasary to gpecify vhai
is meent by Yo hes protobliily AL of Jalling ieos, since w8 agg inteynsied
in predieidag tiw persun’s Lehavicor miich will dopend not on actual provebile
itles Lk 02 his subjechive estimato of Lhen, Fully expenssd, (o XsilwF25 «
meanx that Mdpping a coin of gobjecitdve probebilily « of fxiiing mads %o
datermins wrioh of % ard y is talkan is preferved ov inddfforent o 8. In

1% soamn foneihla fo ot sivoreldwy dlrect refecsnoe Lo nmarerical

permonont AlLbterasbtives atxd Wi eaporizsue noaritrind 4o Antemndne whlish om

ST R YN
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If atiliyy thewy 1o intarproted as 2 dosfndtion of rationaliwy.,

Fatl anal alwes

w2 may uwent to intarpret the probekilities as objective, o raliwal, =ings
these presuwatly represent the subjective probaitiliiies that a raticnal man

would arTisvs at, Howewer. oven here we ngy Still qhcsss €0 uss subjesil

prodedilitins (thus vy-pacsing the knoity problsm of vhat chjsctive prie~
dilitiss axv) and arrive atl a medified theory of rational behavier, pre-
scribing what s ratdcoel man wiild do, givsn izperfect ootimates of probes
bil248ne , Pven vhars probabilities ars intorpreted as relativs Lfregnenniecs,
it is imporiant thal t.ie eapressions of atility thoaory are not taken as
refexring to preferc.cse over & lopz series o svents, The probabilitics

reser to vht parsdcuiir svard: {such ag flipoing the coin) sincs the chcices

are dafirod for part!cuicr altermatives, The luporianee of this will be-

com: mene apparend 3.1 cur dissusslon of e spplicstion of utilities to the

theacry of games.

¥e ao no. tale ae primitive one of tbe nolicnm disoussed in the

L

P arertel

zs
:

Imtroducticn, th, atility fucctiss wo Tae uilldly furncidcon can e

nrigmely fyom to) prefoyense ralation aacs a zoro point and unit of measwre-~

wiail, &re Swlecied, and hanes dees nive nced Lo be tokon as primitive,
2,3 Axlems
The Pdliowing ot of axloms for bernoullizn WSdlitles are in oost

essentials @ swa ag thess of voa MNowtim sra Mergenstern. The perincipal

A fferonce (o in ouy incivgicon of exiom L.3 whdeh glates that indifiesand

alternati a3 nsy be aubsitivauad

Lor ong onoinsr 4o viald indifYareanh oom-
pauad 3ok altermtivesn, Thls addom aod sodams A2 and A.2 dnoure tnss ao
far ag <ho formml statementy of the thecry are concarncd, w mey txsel the
walerion of Iadidferenes betrven LT diemwiives in the semo way se logical

I3 0EAvys 1.8., W can subslitnie tho wewe of an lndiflerant alternstive
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for that of any elternstive in a statemsni, and the . ssulting siaizusut
is trus if the original ome is trus. Ths cmission of A.3 by von Heusamm
and Morgensiern indicates that they have taken ths intorpretation for the
clazz K ¢to he not the eat of 1ixMwidnal o1 tives, tut the collestica
of all sets of indiffevont alternutives, W shall nct emter into a diseus-
sfon of thir inlsrrsetatica hers, but merely point out that if tscitly
asmumes sane such axiss a8 A3, 1,00, subctitutabllity of indifferent a".‘.:-.;&
mtives. |

AMer atating the axiong, v dizcuss theoir signmificance in terms

of the intsided interpretatiar of the primitive nciionm given shove, This

;
{

;
"
Er
&
:
1
¥

ai srovide 2 plousilble intuitive justification
of the axiaxl and to indicate sas spparent counter-instaneces of bshavice
which dosg 110t satiafy the axians, ‘Tha first poiy of axicmge stating thal
& ie a wask oroITing - hes bean Memmcaod in the Introdusiion, apd this
dlocuseion 1dll nui be wepoated here. After distussing the von Neumarns
HMorgeactern axioms ws shnll pregent goms of the alterzmaiive sxiaa =ste for
Bernoullian utilities,
T the statemont of the axicss snd in the foilowing discussioly

-
11

s Ve aud 2 with or ulthout cubscyipis wiili dopoto members of

AT
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Axioms
Al Bitherx 2y o y 2 X
A2 Ifx 2y endy 2 ¢ then X 2 S

Dofinltisn: =~y plx im inBdfovent t0y) f&@ x 2 ¥y ad 5 = %

Definiticn: x > y(xinpret»n‘mdtoy:l for x .?. y and not X 2 Y.
Ao3 Ifx-u y then <.>< X, (Tnt )2 D v 375 (Tt )z >0
A 123> x then 7 > <& Xy(in)y and <« X, (Idt)ly D> x
20,5 If %> y and y > %, thon there oxist 2 and B such that
o YJ\ (Tt > >yady > <8 2,28 )>
4:6 La X, {2y A L)y <« x>
A.T7-LB < P x, (1. ‘“’} , (-8l >-w<( B ::g(l«;: B> .
Axiom A.3 saye that if x and v sve heid as indiffercnt, then the combinatl.on
of x with nrobabiliyy ;; and 3 with probabiliyy d- ;( is indiCYereat to the
same cambination with y in place of x. IT¥ .« is ths pechability tict a
Mr'a_n axpsrimsat, op i1l succssd, Wwn tho outeoe of altermativss

L2 (1t Qs << wi)z> will be x aw y respsciivaly

\

17 e wocceedsy and ¢ 1f ¢ fails, In aliber cage, the cutcwes are Lald 23
indiffereat. henes it scems roagouable that the tho copounds should b
indi{ferant.

Aa3 very clearly ruies oud an iadsgprotation Lor the primltive

noticas under which a prefervence Yor a yiak sasornmtlivs. azy <2 = {1l
o L & . T

is teken (0 mean that a person prefors o receive ocomeodity x ia nroocridicn
« and ¥y ia propordion 1~ 4 in a long covise of ganblos, AS an oxmple;

i¥ X ig 8 long Aping Tecovs ¥ ia 10 ordivsry rocords, wa wight bave =

i
‘U

_____ laving recoyd plaves, prebably <.5x, B

will be prelerred 4o <95y, o33 > uf the probabililics are inlerprsted as

rolative frequoncics, thwe Tislatang the amiGa, Thic «iampls is s opscdal
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case of complsmentarity, wnich we dizcussed in the Introduction. Cap
interpretation rules cut tis posaibility thet %wo aiternaiives x znd =,
may complemsnd sach other by stipnlating that at most one can becone actual:
1.8,, Dot hoth can actually taks place. If w accept the frequeiisy ilater-
pretatici, ¥ re-intrednce the pessibility of eeplemontariiy by supposing
that more than one of a aot of alisraatives can actuaily occur, each cus
happening ab s point in a {ime ssquance of events, Perhaps the best
wy to avald s posaible introduskien of sampleomsnterity is te adopt the
intespretaticy of K as a set of poseible future histories; and then it 1is
clear that at mGst oue cen ooym-

Aol stotes that if ¥ is proferred te x then the rusk codbination
of x with nrovebilily « and ¥y with probabiidty 1w « iics bstwesn y and x
in the profepance scale, Tha following argpuren: Justifiss ths assumption
that << X (3= «)¥> >x, The possible cutcomes of << X, (1~ £)7,> ara
Just x and y, and esch hag a pogitive probavility of coccurying, sinse
By hypothosis, y ie prefecrad o x, and of costpe X is a2 gred as x, heme
po matter what happens, tho catcame of <« (1o <)y > 18 at least =8 goed
am ¥, Moreover, whure is o possibility that the cuteare wiil s bobtler
than x, since y ie praforved ©o . Hemwe wo assume thot < x,(3- & )y >
is preforred to x3 an antirely amglegous rrgumsni jusiifies ths assrpiin
that y ig proferred o < «x {3~ 2 )5> -

AoS states that if x is prefovrad 4o y =nd ¥ is proferrad to »

{1n@0s 7 183z bobtmen x and 3 oa vhe prefercrce gcale), then thers sras

cr

prdbabilities « ami B oeuch wwb 0% {1 2 )22 is preferrsd vy end

el &

v s preferred to <R x: {1~ | je» o By awiom Ak %@ know that bokh
€4 x, (3= «)s> and £ % (1> p Je > rmgt lis Lotweon x sud 2, 80 AL ip
a kKind «f coablrmaidy axicn which mays vhoo vhatuver ¥y o chooss, lyins botumen

x and 2 on the prafcrence gcalu. thero s protadility mixbures of 2 and «

ST ; =0 L NN e
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lying on aither olde of yo Thus, for axampie, if y liss very cloes o x,
we should expoot that the « such that <« x(i= £ )=7> is preferred to
¥ woild have 40 b eloes te i, g0 that x womld be nearly certein to cooure
ao6 asseris thot the elilsrmative of getiing x wdth probebility
and y with probadbility 1o £ is held a5 indifferent to tha pxrospect of ¥
with nrodadility i« and x with probebility « o Ths 4w poospecis =vs

sotually 4dantisal, o the axiom is justifisd,

s
§
[+]
P
;
9
2
i
A
A
|
;
5‘;

L& Xp(Le 2 )35 > despends solisly on the capoments = 2rd v and the prebablle
ity of msoelving erghi, Tho wuly poassibls cutewmss of tha prespece
<B<.4x,(1't';<)y} s (1=~ B Jy > ave xank y, am e provediiiidss o

their ocourng ars .. f ard (1= « ) respsctively. Hence; if ths evaluo-
ticn depsndn salely on the cutcamss and thelr respective probabilities,

then< R < 5, {i= <) y>. (1=p) y> most bo indifferentd U P x,(1~ «B) 7>
It is worthrhile to nove that the very foct thadt wo have talen s x,(1~ &) ¥>
to ba 8 wemier of tho e’z.aas of sliernatives. and vhus ¢0 have a daiinits

plzoe in ty: proference seale, yopresents the tacdt essumpidicn that the

e I ._.‘_._.

N RO ¥ ) VO, Jpon ¥ P I ——~ S ‘1 €
gvainntian or alwmwtives wabh risks Sponds only o dhs gemponent alter-

&.

patives, anl the prcebabilities of resceiving them, If maore than the varishlesg
% Io end « wers involved in Soisramining the plsce of a -;:;':: aitarnsativw
of <43, Q1 ’A\}’> in the protforence seale, it would bo meeningless o telk

of Sthe 2ltormative' U % (v L)y > , and its utility. \

\

e Py s e p
ToTs ars mawy rpse of bohevias whieh anreoar fo vidiste thass

axiang, som: of which we bove cxonilned in cur discuspion of W consistency
requiiremen; (xich is formalized in oxioms A.L and A.2j. The fallowing
behavioy, wrich doss not ssom whterly irroticmal., comtradicts Aed. 1ot x;

ye and 7 be, roespuciively, wn o doller, droel sven; losc a dollar; then o
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conssrvellive Detior might svaluals & N3 prdehil iy of winmng a doliar
against 2 oif probebility of logzing a doller as indifferent to a eertainty
of breakizg avaus
<.6I’ chZ} ns ,'y"o
Heswe:, bo might prefer the nrospect <e5Y9 oS> 10 {5<5bx, s>, o§z>

(thus vidiating A.5 which stivulates thet those preagects should be indif-

ferentj, baceuse the forwer offers no visk of loss, and a pogmibiliiy of
gain, whoreazs the latter admite possibiiities of hoth lose and gadn. It
may be srgnad that the above doscribed bvehavier is irraticnal in that it
iz diffieult to coimwive of any particulaer cdjectiza wiich would be bhast
sorved by aShiny in accordanen with these preferences. However, this is a
scistive argumeny, apd in the shagncs of any clearesut defimition of »ation-

alizyy it uold e lwmpossibles to demonstrave conclusively that viociazing
m-rachalk™ han cited the exmeple of mountain olimbers for whom
it eppears that daking & certein swaii but nobt goro risk of being Kilisd
actually 148735 4o the eyjoynment of the olimh, and ja preferred both to
climhg with no risks and %o <limbs vhich havo a vasy high risk or caxrtainty

of desth, The ¥

garma® of Rusxian Ronletic effords an oven nire cloar-cud
inchonen of &hn game Wind.  In Busgian Roulotie. tho “gamhiar? ic mummnomed

to =pin the chaxbor of a revolve:r siich eontmins ouyy uvue carixidge, aod

without sseing where iho chamber ateps; 4o press the muzzle sgainst his
hand end il the GFipger. Sussian Roudette playert ovidenily prefer teo

take o cheace (1/6 if tha rovelwer is o ciz-chooter) of heing killed to

Ly ™ -

the othsr arailoble alternatives of nol plaring abt 211 aad having the
soriadnty of oot btelng Mlled.  Promechls fhay wonld algo prefor to fabe
thelr chanaie of Rosgisn Rouietie than ¢0 accopt the csctainty of bedng

1. Mprochak, [3K]
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X{lliad, If x ic the sltsrnatdve of belng killed and ¥y is ths slternative

s"

of 1iving, and « is the chance thei the revaivor will fire, then <« x,(1- ) ¥>
should represent the altemative of ploying Rusaian Rowlstis. Then for
s player w3 have < (1= 4 )y > xamd LU X (1= & Jy> > vo Hub
this violates axlom AJl, from which it is eauy ic ehow that not both of
the ebove =0 condtitions can hold.
Analogous exarpies, besides tho rather bimsrre ones given above,

of tehavicr whigh spparently violaiss axiom Aql; are easily cunsiruGiedo
Az 1n othsr ingtanniz in which ths aximes seem o be viciated, it is
ponaible 20 "explain avaAy" these countewi-sxamples by clsiming that wa have
not chopen the pooper intsrpretation for the sat K of altwrnatives. it
poams plavoibie that ths deliberate chaice of righ rigiks, as in the 2oase
of Russian Xoulstte, oonls to expiained payohnlagieally on the grounds
that the individual desires prestige or ettention. If he imagines tkas
sttention will he zzined by performing tihs gamhls, thaa ko belisves that
ners ihan Jush the sirds sutoauas, x and 3., of bolng killsd or sisying
alive, are irwolved in che visk exZizmiien <« x(le .«,J> Our argumsnt

n justification of axion Aok relied on the assuuption that an cutcws,
88y ¥o of iiving, taler as 2 pure outowme. is the aade as tha cateceme o
getting v in the gmlls & X, (1o «)r> o But o Bussian Rovlette
player ovidsnuly bsiiewas thet the fulore o be oxpested if he liwes through
his gamble in differert fram tho oo ho uwculd havo iy he simply ldved and
avedded e gamhle, We mxy get rid of eazes like this by demanding tiat
the neve ach of garbling on 8 cambimatien u %, (1-)y> caunot alter o

oateoee s &iT 4o  Houwnrer, the prics of thie 'riddones® ia varg

‘l
lc.
[.-n
&
£
&

hioh. e'nnn Poar
Iigh. e nan fay

aingat a1t gerbles. the gambling 1tsell affects the thing:

gamblad fory this effest may Do dndirwgt, ag the Jaeh of haviny von nosy
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tions in which gambling itself is a yrosinsnt alsment, snd hoping that tiw
theory in a close encugh approximation to be aseful elssubwre, We shall

1
enccunter vary sixilar considerstione in cur tiscussion of sxiom Ao7o~

A.5 i5 a Kind of “somensuwrshiliy® sdas, and we would expect
to il contiadisting instangss in sitnationz in whioch ths slternatives

somnared ar: 80 disparate as to bo incammwrsvrsble. Let =, y, and & be:
respectively, got ocnt pemy, geb nothing, b smscuted.® We A& OUppOse
that x 38 prefarved tu ¥ and ¥ is praferred o =, 2,5 then saserte thal

there ig scmn prebability « , such that <« % (1= «)8>> 48 preferred o

¥, that is; taking a chances « of getidng a pouny and (Lo . ) of being

e Al &~

execuisd 4z praferred o zot galing and gotting oothing., But it magnt
Toxy wall bo that if there wore onyr ohengs @b all of beirg killed, the
peracn would profexr oot o talm it just far the posaibility of wlamdng a

pensy. Woeoher or ny: mich Lelinvidcxr Ls @aldonel appears to depsnd em tim

pera¥i’s willingness %0 admit that there exigt probablilities rar whisch he

would take tho risks in quasiisn, This is cmrmmchsd with what e parhsps

e e,

1. Ancther ¢ype of besbavier vielading A.i (27 possidiy othsrsof ikess
sulzms) onswrs ..y..m. the niteimative m‘mu themgelvog are acklon o
strategiss ine game. For thooe kinde of sliawmaiiwes. 44 45 in gonsasld
imossinle o dofine Berncuilinn utilities conmisiently, This is aimply
ansthoy rewiodr of 'r.m csrg with vhicu X must o dafinsd, The foot that
the ssi of cubocmes, X, @anmt convain pomhore whish are themsslives aiters
notive conrmms of potdion fn a geis mkee cerisdn econods gpplications af
the theary of gaues donblful, eince the oblectivesn in oy given cacrnumie
situation ny often be gimply Lo réach coLamass poalitisns £from which the
gams may b played Hirther to advawdago, W shall discuoss this in mard
detadil in .0 gecidan on the CeOLlgdon probists,

2. This eza:pie was suggested by anaiogons ¢omugpdss glven in umpublishsd
o - n‘k.....1"

= e Y
e BaVedy

e S S N R R X S i, i T VO O S R R S s e e o
T e et e e S - R
=5l
by gEmling sy Anflucncs the attitude of sociaty towards the gamblesr,
I% =cams begt o steer a middls course, not applying the theary %o situa~
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one of tiw provant defacta of the system of Barnoullien utdiities:
namely, that each person is assumsd t0 be able to ovalnaio risk aiternatlives
fo all poosible prababilities. Fossibly thds asgumption ig jnstified as
2 poxt of 2 dafimitim of rationality. bubt it meems adsurd as 3 desewip-
tion of aciual behaviar, In pariievlar, it is very questicnable whethwr
probabilitiss very clicss to osriaintics have mach psychological msaning,
and thes:z are just the probabilities in questicn in our exmmpis of
i ngremenaacabla” altsrnatives.

Adiom Ao5 is ths only ome which sasevig the existence of an

altormtive, Therefars, if K is a met of alternatives aatisfying oll

¥

axicss oxoet A.5y and K! g a mubset of X, @ fortiori; X' elso satisfies
thege axiari. In case £ doss contain incowansuralle alternatiwes; we my
chucse to isolate 2 sutheeh; K'p of caussinourstls alicomatives; then the
subest K? wlll satisfy 11 the axicms, and it will be possibis Lo coastruct
a Bernowldliin utility Zanciion fowr it. Thusy for soms jurposes it xzsy be
convanient .0 considor only cltarnaliwng yowhly camparstie to getting a
dollsr; snd leave ooh guch extrems alternativss ag bsisg cxecuted. row
sush camensurchbla subgst of sltstnatives wo obtain g Bornoulrian wtdllty
function, Tt has been shcnm,l +hat the entiie sat of saltarnetives; K, can
ve vepresomiss up a2 58 of poirnic in a molid-dimensional vector space in
sueh a wy ‘hat Behs of camenswanle alternatives iif OQ Fidrgin 1i5355.
and vhere uiility differences forr pointas on ti» lire ar3 proparilicns) to

digtancss bctwoen the points,

: ind wendel [3IST1 . UWhat we assord Dors can eagily be dodiesd
fio= their yemilis, though striiecly spoakdng 1% io mocsosary to odd e
forther exienm: Ao.de 1€ x > y thern «<Ja wyile «l6> > Ligy(ls « }>
in ordar Lo obtain the derired remuldi, Ao3a L3 deducibis from the [ull
sat of oo time, bub a0h rea She est Troe vkdeh ALS ds delesed,




#)

¥,
o

N/

combinetion depanin on mere than simply the ontocess irvolved and the
prcbabilitiss of reesiving cach, The typiecsl counter-instsnss occwrs wRsIo
garbling itsel? is of valmm. For exmupls, s=ppose x aid 7 2re winning and
lou:l.ngadmar Sapeotively, and <4 and P ars both 2, A7 asserts in
Lix, 555 5 &> i louiferent o ix, 3lv>

that i3, ts.batottakﬁ:gaSO—SOchmoaof:ﬂ.mﬁngorlca&maéonag

lﬂr“

thie same it <

o> 2lie losing a dallar is indiffereat to taking a 25<75 chanos of wiaming
a dallar againat loxing a dollar, The actual probabllitiss of winning a
dailar and of losing o dollar are in Do CREOs Wm Bams, DWevEr; WWw
gamblss ars invelved in the first alternative shisrcas only am is involved
in the segcond. Then if{ samsons desired the excitemsnt of ganbling far
its oun saks, ho might actually prefer the first alternetive, and this
wvould contradict the axiom.

The above oxzupls is swmevhet oiviler o the cage of the moumcain
ciimber or the Kuesian Raulette pleyer, snd it might appear that the two
axioes Al and A.7 stani or f2l) togothar beczuse the counterwssarples vio-

1sting 4hsm 2rs 22 o saxe {pe, Thevs {e. howmvar. s certoin difference

betwmen o case of the Russlen Roulette nloyer and the porson whoe enigys
ganbling £ its omm srke, in thal, as we noted, the Russian Rovlsiie player

prefors his gome bocauss ths outcew of living through the gamhle ip &iffer-

ent frem svd preferaiis (o the clternativs of 1living without gamblingy where-

a8 in the cese of the man who enjoye gembiing, ubd sl of poSsitls outesnss
in the ganmbie P 2 (I=uL)y> » (i.ﬁ}y> may be the gare as the out~
cames in < PXp (2o 4P }¥> . tut the procoss of cotaining thess outedmss

is differeni; in the w0 coses.

o

o
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A Different Avproach

The folliowinzg axiocm s0%, sinilar to ane given by Faul io umm"'"“lai‘il

shouws a pamewhst different formaliisation of utility theary, The chlef point

of &ifforencs liss in the ponaralization of the risk cperatar to inciuds

risk cahinetiona of more than two =iternatives. This is of course not an

tions by repoated sppiication of the risk oporaier on pairs of aliernatives.
The and +am)t in aither gase is ths same: the dowivation oi the Bernouliian
Bl fouctiomm. Tho sxistsnes of this funciism for the $wo gystems shows
that thay a2re equivalent. since this impliss that both sels of arxioms are
satbisiicds Thio lset neasrition is not quite truo in the caze of the axica
system v 2ve ahout Lo proposs: v have chosan o impdse two arbiirury re-
striciions which nnod not in geperal be satdesfied by a gystem for which a
Bernouillan utdliyr exlsts, Thess restrictions cro not of grcat sonsopinal
gigaificancs, tub sorve to maln the deadivation af the utiiity funcdion pextdc-
ulsely casy.,

The new gyclexn ig haged o a Lindte a0t of "basle" altsrnatives:
Alohosoneah o Irsse may be intocoreled aés o oot of mutually excliusive "gure”

Le}

prospectc, From thegs prospects as a begls, w0 can conmbimet arbiiTary

risk combinations as rfellewe: far 3 7 laao:.D. «:f_.":,ﬁ.i) is a risk prospech
interproted 28 getiing p,i witn probabiliity . I SyseeviTy BT risk avo.
Bpecia, and Arze00s <l are probabilities such that & ) Wit iy
<°"ix1’ Ap¥psuacs A > 18 a risk progpoci. We may conzlder any risk

prospest <::,41;.'5 L3R roaz .kak‘}- an ~ tiekot in a lcttery shich awards

a3 prises, wivh probebiliticy Lysains o cospestively.,s In

o

fie

B
u
Q
i’
3z
at

1. Samuslsca (2771 &n dwportant addition Lo Somuelson's adoas lncludsd
hers was suggested Ly Profesgor Howard laifla,

s o P SRR T -
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gerersl, the lotteriss awvard prizes uwhish ags
o

sinos for any st of lckets we 2llow for the exiglence of & lotitery wbdeh
avarcs thoss tickets as priues.l Let K be the total set of lotiery tickets
of all types built up in this vay, Itggmonohoowsanyomaftbsm
bara of X {(4.2,, 2= lottery ticket), then he recoives whatsver priss wia
lotiery yields when sun off; if thet price ip another Jettery ticksi, thal

ans too must bo run cif 1O dotermine what tw person is 1o receive. Ia Aoy

sase though, whst the pursm finnlly reccives 18 ons of the baxic alternatives,

mines these ars the cnly prigss which are mt thomsolves ticksis, It is
assumed thai fom omony the entire set of “"tickets” Whs person most chovss
exactiy one, and thorslsre shat he 2insy regeives in just ome of e

haeis glternetivss, the s resulting fras Wi psrticuler cutoamss of e

A.

lotteries invalved, Iurthexy e, sach tdckyd is agsosiated with a dedind

probebility o reasiviay vwhe bagic altermeiives. 70 each tickod; = thara

/s-:r
corTesponds & umique osrociatad td.olmtf %, of the following iype:

< Jlﬂlgono ® '(n'&!l>
(that ig, whoes crly prises =re basic alternatives); which has the same
prossbility ef visldins each oFf s baalc eliermativas as doez ths oriigliusi
Yimally, thore iz = nreferencsodroindifference reintlon,

dafined over we glizs X, Ths sysier thus <bitesined csn ks rogarded sg the

1, We rmugt he carefuvl to prokibit ths existsens of lofteries which sxard
thair oaim tlckoie as prises, or which awerd ag prizes tiskern to lotteries
wWiieh in darn srord oviwas vhich ave Wcists to the first lotteryo Sucr. a
situatdon tcmzld «u’.u;c: for lottery ticlebe .. ami 8 wiwre x =

> =S
. sv o ‘7‘)""“/
and ¥ = <Ju3r;005 » If 2w loetieries arc run offf in tomporal SEQULLOS, B

gt demard thed t.hc prirzes in o lotisxy can be oiider cne of the bLagid
aitsrnatives or elrs tlokots to lobterios wrdch arve = off lator,

2, Too "w'sc'-:mtec‘f wLokey nay e Guilined indasilvely o
{a) 3 = its )) L ® Lyooesnt; thoa m = ‘(. )
(um’c*u o pa 59)
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gerei-alisation ¢f tho egypitan invalving preferences 2 ¥iok cabinations

of just two oulcomes, The risk alisrastive L X{le 4}y in the ven
Nmann-Morgenstern system can be interpreted as a lottery tick=t to a

lotvery yielding enly prises x and 7. (Yo nssume thet ths ticket hdder
#stz smacily oo of tho prissas in ordimery lotisries it is possible to

get no prizs, but this can be intsrpretad as the priwe of "getting nothing®.)

In ons respect the present system is les: gensral than tho previcus onsj;
it starts from a firdte set of bagic prorpects, of winch all othwsrs are

risk cambinationg, and thore is no reascr to suppoge that this should be
42 caso: Tho regtrictlon ig not furndmacmbal, though, but soxrves o make

iZvo and the derivation ¢f the utdlity functwioos simplex.

s P Yot e -— o 3 . L .ANT P ', IR WY P UGN .
a0 sonditiann winich & Barncuilian ubtillty function mast saddsly

B wlxooens LRy P) = A ¢ aoe Ay ulzde
Clsarly. condition B° raduces to eanditicu B (page ) in case k= 2, sinco

s 3
for £ < Ao Lyy aBt LAy LoXpp i K3, {Le < Jx; ™ ; hence

3((—'\1 1‘3.5 (1”-'\ 1)3:-2} ) - “ll“(X’l) 9 (lm ‘41 ) a (xe)
28 in econdigion B

Using the praszent seb of axicme us ghall be Lbis vo give = vy

sicpie congtructdon of thn Bernoullisn otility function, In ordsr ¢o moke

(cont®s fvea p, 58) 2. (b) it x = <Byvyesens B, and

ER A . :
I - <" PR & R -‘L}"Aﬂ> s 4 = l::eoog}:;a

ECP S

~
(o)
Yy

- (k N . \
wen X =02 0, of A.i.e. VD 0. < 2 A}
iml' SIS i 2 Py y albl v(in Zii




T e L P AR 1@ T

9

e Sy -

60~

thi= vonstructlon poasibla wo have asssm=sd that thers 23 e finite b o8
bade altarnativeg, and thet at ieast two of them are nct indiffevent (in
case ali of them mre indifferent, thon all the risk camounds are indifferent,

el b oS8V Rber Beciabl oo bam ~nTer amea .....‘!_.)

-~ AR e o
Caniee RS W AL WY AL Ve waa MOMP we b)Y WVIFO V&AL e AR &

2 Thoie &S ax=
Bl 2 eostablishes a week ordering over K3 that is

(i) ettherzx 2y @ 3y 2 =

(11) ifx 2 y and y 2 2 thenx 2 3.

" . Py -
.-g_&:g&%mmmm!‘}-}nu—-

— - - v dmn e e v e e -

i
h
|
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v Dwmrther assums that ©he basic alternetivos crye errangsd in descending
So

xedoe an the sonle of preferences

e i = 1y..¢,n, there exists &, such that A, a2 (55_‘ ,(l-»ei) A

Bo6 <.(A1, (A~) A 2 <p A, (I9)A> if andomdrif 423

jrid

Wo shell rot attemnt to diecuss “he adove sob of aodams In e

Axiom Bl 13, of course. the zuee ap aviems Al sna 8.2 of von Noumen and

Horgenstern. B.2 states ovw nssummticn thnt thera swo =4 laszzt $we altiens-

o h P emtO L Smw

Tives ith2t aro not indifferemt, MO thael .*11 and An lig at thn extiemcs

of the ccale of preferences, with all. other alterastives lying otweon.

AN B (W e —aly
Axian Bo3 in & sort of goneralization of 4.7 of the vor Heumsnnesioryenstern

axioms, that L&, it sscarts that he evelasntion of thon lodtery dickedsn

~g—

_—
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ucnds solaly on the vesic flierratdves vhich may gvenbuslly be received,
and the probebilities of receiviig & B,k iz analegone 19 A-3
sbotdtutebiiity sxion stating thet probability combinationa of equivalent
siternatives sre egquivalent. BoY and B,6 together serys the sams fractlion
hore as was swved by Aok z;nﬁ Ao% in ths ven Nevmann<Morgenstern gystam, aod
L1 Pact. Ak and A0S con 2asily be derived from BoS and Bo6s Bod sssurbs
thet fcr asy of the basic aiternaiives thure i sase probebility combination
ol tho extrzme altormetivawg A and A, whieh in ecuivaions to 3¢, and
B.6 asserts that in prledility cudvinaticns of the exirrow gdlernatives,
thw one which gives ilc greawst chance 4o Ny (the most preferred alternative)
in the ous thut is profcrred, Howve that if axion Bo2 is nch sadlaifisd, 1.6,
i 2y and A, ars indiiferent, thow all probability scbinations of A, and b
are indiffersni, and Bo.6 would nct be satiafied,

In 4w :é'ﬂ.oleng section we shall uece this =xion cet in constraei-
ingr the Barncullden tility funciien for the clags of Motiery ticlmetsW,

2,5 fhe Happlng Theovai; e Commtruction of the Berncullian Uidlity
Fonet tun t‘njs‘wuess of Lhe F!mc'aiw

Az w h&*ﬂ: meid above, the priacipal uce med: of the axioms,; ag
far aa applisabions outside of ubilldty theesy $%self zre concerned; io 2o

dnvive the sziotoree >f Lhe Bernowliidan uwidlity Musiloe, Por exampln, in
$itSer ans nend 2o the rodizm e uidicl die nyimenbs
in the outccmen of iLhe gemsy ave capiaszed, ord the praforence relatdon
iteelf deor noh emtsr civectly et 211, IV ic edwomely lmportant then, that

tis axdara piven ave sulficiert oo guaverdes thi cxistsoio of thic faaction;

aad far this rveson. “he wmadn deriratien frem the oxicng s the "mapping

% oo o e
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thearem™ which asserts tha existenca of ¢has Bernouilian utility for pm
e:jxmm’s sat‘sﬁring the axioms,

' In thds port w indicate the oostrusticn of tie uwtility Punction
for & prefux walatim setisfying the axiams of asction 2¢1;oz This eons

styuction sam me cmm. Sonoeien: o suuw..ug that 3 Derncillian otilsky

Hhmetion axz.stss what the wmoiricsl m;ﬁ.ucancw o2 the construgied funeticn

_i.ao T Ferzenn has shm? That & Baz*m:ﬁ.lim.} utdlity Aonction exigta £

mrefarensos satisfying the von Hevimnu-llovsenstern aximsse e proof,
nowever, if, quite ioag, aud 50 W wWilld RUL sven atiegpt o ckeich It hexe

byt will corfins curselves morely o stabing the rasult. ‘ sl
SuopoEe Z is any of the comomd lottery tickmis in the cystem of

seotlon 2.k, Acoirding 4o axism Ba3, 3 ¥ Neld as indiiferent to ite ausuti~ —

ated oot X, wiswn yiolds es priscsd only ke baghs adbermatlves, ﬁ,..u_-,aa@ '
Suppens « 1,...,.,21 m, mapocia.ve,y ho probobilifies with whdeh dqsceesly
ars reenived in X, i:@a;. '

Ketqligs dpfhsseces Wl

By azici B.D sach of Ui B, is indlfferont ie sowo cerbinaticn of i cmire

altarnatives Ay erd A3 thersforn thare <kﬂ.;§: probashilities C; 8 such thads

s & 8 &
Ai"w @ & ino 2 .‘. ) s A= l:aoc,nc
By Bali, the Intiery Uickel on the »ight of the abow: expragsicn cen by subw

stim%ﬂfm? Ay in the tickeh R sad an ognizalent iiciet rasuliis:

-~ .. L o o .' LYY :
= Ktghys dohoseass dphom & Loy (lnty 33 o 4y o8, 00, M F e
ess o s (1~2 )An?;,

aLers. v T e Lty

1% aszorbs that ke a:i.%a;mc,hmm '
ity fenetion) in sueh s wuey
ave »aficcisd in

1.  %ho mapping theorum ig 56 callod beooguan
san be wappud ondo the rosl mwhers {vin i
thit eaviein dmaorbant welabicoshineg aumw
paraiiel rolotionships sacny the Uiwiss

2. T corotemclion w o2 201 e Dvnfonrony Raiwmvd Ruilfla,
ven Msui Q. How
- SR ang Lirgen
w -u—ww_m:uu Y " ""':'Q‘p,s'“ p M S50 PR Y B MR TR T S et I I A R e o)
Lt b ot e S P ape e
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¥ -
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- y = <‘.1 <61A1’ (1‘81) % 3 “2 <62‘.‘13 {.1"62) ‘A‘g}sGs:

¥ 2

’ % % & \

vey 4B Ay (Ime,J A 2%
ty? ig a capomd tickst (a ticket whosp prizvs acs the tickeds
<eiA1,(1-ci) A> ), and hence has an equivalont sasoviated tloket, ¥Fe
y is tho ticket which yislds as prises oniy the bagic cutccmes which can
be received ty playlpg cul 7, with the probsbiiities for these aliernsiizes
as given by y iteelf, The only possible onicomcs of y ave simply A3, 2ud
Ap, and the prebabilities of recsiving tiicss are, respactivaiy,

n
S et:Bs-5
S - 4
angé
n n
DL (1w6.) =1 B A.6.
=3+t =i
Therafero

n
b3 o= Y A
='!

A
b hX 3 - H % o
y = <(i:1‘(iei }A]_ 3 (.1 . -.:L-i J n,,

fate

Fasr T .andya T, thon ¥ e~ ¥ PFanzo for a1l x there is
.at. least: onc laltery tickoc of form y (isﬁﬁ: an associated ticket which
yields as prizes only the dbesic aliemstives A amd A::) +o which =z is
indifferort, It 1o an easy coaseqroncs ¢F axlos B.6 {hat there 1s at
mogh, cne ezt of form r equivalent w0 ¥ 80 X 1s cquivalent to a unlone

ekt of he fom

Lu B (Lt} A

T 3w i S A T

o 5
e . s

r3 o T ¢ " 2 - .
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let 5 bo 4s iicket, He can nme eonstTuct the vtlilty funstion direstly

the timimt =%, That is. 1f x is aoy ticlme, and

™ = <« A (1-«) A

H
2
K
!
N
I~
~~
M
,_1
A"
a;:’q
g
~~
H
-
E;
V

and the function, v satdsfiss conddiden A. To show thab nis a Bernauiilien
ability it im only recsussry o shou that it satisfies conditicon Ble Cone
sider ihe tioket x = <v<lx1,..., « xlr> s by the etinitlon of n,

x; <tz(x A 12 (Len(x \)}1n>

Thercfore, according ©o axiom Balts

<"lxlbi'lj ?‘k}’\) C\-V, <:(*:1 )1\,‘ ( B )077 yee09 6( ( L('I} )A». - (1&u(x ))Ay

Bub ibe &8506aELsC Sickst of the cewpound Gickel on the right above 1s:
- " ‘§
> - = = . . A
((_.7: L u(xl)} 4 (1 A ulx; ))& >
By definitim oF w{(<.  ,.... 4% Yas

<"'2‘v-_"l00} "k“‘k> N<d(<dlx-togo- ‘(lu‘\:‘} f-l’( (\-: 1X1,°..,A,kx.§>)ﬁ >

Lanes

: s
n (< 9(1313-0.5 vl.kx.‘,{} ) = 5 L.ooay, :
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Henoe condition B' is satis?isd, and u is & Bsynoulliisn vtdlity funetion,

We are now in a position to umderstand the significsnos of the
wiility funotieon thne construnted, Wo have sesn that for any compound
alternstive, X x is indifferent to the lottery tickeb, <u(x)a,, (L-u(x))A > .
Henoa. u{x) 15 sinmgly the probability emch that the alternctive Ay with
prehabdlity u(x) and A, with prebability (1-u(x)) is indifferem o Xo
Since u{x} is a prodabdlity, 4% must Jie in the interval [Cedlr %.3c
0S u(x) £ 1. This may seem surprising, but is easily explainsd when we
sonsider that we huve taken the worst alternative, 4., as the sero puint of
tha scale; and the bosy, g, as the unit paint, ang tnat all GLaes ailoeess
tives lie samewnere botwsen A, and 4, on the seale of prefsrsnces and there-

Ifore tetwoun wWism i uwhdildly valw

. To talm a concrets oxampls, suppose

ia

that -.Ponu“.n are altornetives of rreeiving incomes of Giilsrens ewdAisis
raoging Oran a mlliecy dollers a year down to minmus a moiiion {if et i=
peasihle}, on the average. for iife, Theeo can be ranzed in ddllar incresuiis,
and A is tiz progpect of recedvieg a miliion & year and Aj {» = 2,000,000)
iz the prospact of icaing & millicn, Thon v arbiftrarily =olazd A, 30 have
utdlity & and "1 +0 have uiility 1, and wo sxpect <11 other alisraatives to
pave utilitiss scmevihoe betwmen O end 1. To dotermine o oxaet wtility of
a prospect i v oimnly determins the prooebility ul(x); of whlch wo would
telieve thai, a chaneo o(x) of gsiting a nillion a yror £or 13fs ard l-n(x)
af losing a mllion 2 year forr 1ife is jost an sven trade with x itself,

The arbitsisy seisciion of £ sero point and & urit peind in ths

at'lity secgie is emtirely conuistent witlh the conditions A and

c
-~~~

d
-]
o
Q

defirding o wiility function. IU can be whewn thet iF u satialfiss thsss

conditicne; than any other functicon, ui, rAaicd U0 u ¥y ke equakian

i - PIEH 5 e e vy g

it
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(where a &nd b ars any reai numbers, such tast = > 0), is alseo & Bernoullian

utility function. This impliss that (at leasi as far as conditions A axd

B are concernsd), thes cholice of the particular utility function is arbitrary

e e

to the extent of the selsction of zerc and unit pOints. Onoe wese
are dstaymined, however, thanﬁliivfuﬁaﬁaaia;admﬁaw_ﬂm.s-_ﬁba

snnﬁwourmtmcumoftlnuﬁliwﬁn:ﬁmfcrmmm@tmﬁm
2ol in which choosing A Mﬁumanﬂmﬂ.tpointalsm@miﬁWu

nicos detarmination of the ntilities of Ww othar alternaiives.
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3: Tro DeGlsion Prohlem

%&g&mmmum_gﬁﬁnummwﬁﬁ;ﬁ

The dacision prodlem to which we refer in thie moction is sisply
the problex of deciding, in what ig in goms gense ths "best' wy, smong a
mmber of altsrnstive courses of uctian, A theory of decloion prioccdusss,
like utility thoowy, mey be imtsrprated cg cithor & dsfinitdon of raticality,
c a8 an emirical theory pwmrporting to dessribe actial human bshavier.
?£414%r, in particular Ravneldgn wkdlity, i =aid to be a spedial sase
of 2 dscision thoary, becsuse it relates o choicos {l.0s45 decigions),
gituations in vvich th? onicoms of the seiscied ertion iswoives risks AS
2 dafirdition of ravionaiily, Feemouilian uwtility provides oerbain prineids
ples or procepts which it oon bo pleusidly argeed & ravicnai parson should
fallow in making decisions among aitsrnztives involving riek, I€ the silar«

ratives undor eonsfderatisn invelwe no mere then sikple caiculable prodas

viliss (ouoh an avs e dlifed by alicrnatives whose outcames ara denengde
ent en crenie Nim the £l of a cola o div. oF & lobery), 2% is kard o .

imagine any moxe rulas of rational choice beyond those jimplisd by the axices
&f Berpoulliom ability, That 1g, given 2 sob of basie nrefersross and

irtensitics of prefersacss, ©Hoh W Ioowms or? antizely ardifrsry awd hanea

entizely arditrery amd
noi ssesaribed by rationsl rulea,> the anlons of Parncuwllisn wéility fully
prescwibe i praférencss cmong the ritk cowbimatlons of these aiternativos,
heneo oouplotaly cilve the decdision ﬂz-eblf'y. Por cholices aouong alisrnatives

-e

..
waleh drdlve »lek™ cliys

[m3

.+  Execami Sfor the pzouivenment. that the prefemcnes erdscivg be Vconsumiantce

’

20 Ssp i3 Por distussion of ihv wewuing OF Trisht,

iy
Forrrrerr e -
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Ouoe we ge® beysad zimple risk combinationa of alternatives; we are
onoe more ccnfrontad with the msed for prinsiples (either prescripiive or de-
scrintive) of choioe mong these eniarged sets of alternatives. Lst us examine

some of (lwse new kinis of decdsion situstioni, Ve =2isd 1o the introduoticn

+hn§ o nhnﬁ?w ‘m‘m um-f_uln&w A0 rewmand $a ﬂab Aw & $rrows vt

exanple cf a d=cision under unoertainty there is the orge of the man tyyirg
t0 docddo betwsen walldng hams or witing for a bus late at might when be

does nol know whet the Lus's achedids is and whoiher the last o9 has goibo
Within the ragiu of nrecticsl prehlame of Hds e whish it ia imnevtont ©o

== ==

try to handis systematically, are atatistical decisicn prohlemr. Such a

problam ariges shisn o £irm attsmpts to dewide on the basie of samo secple

_ 8_ .a

AL R A% e Al e -_._._n o g Poo. ALD e

L &% uu..lwuuzr,uvtmo A1 WRLD

f

E
i

A
actusl compoziiiin of the lot (the perceniage of defestive fdeme within

(2]
St

L

is unkmoun, and the ccypany aims to ecosépt ondy lots which meat it standssd
and roject ordy thass ithat do note The ca@pany thsn hes 39 decids ugines the
Umited infwmatdss provided by tho ssaple, The uncertainty that is invalvod
here lles in the fach that the eacpany dweg not kuow at the times it males
its doaision whether it made ihs right ono, or evon. in mos? caszes, uwlat the
protebiiity of an &' 13, Ratimr than attampt to give any elearer exposilion
of mtatistical dncigion probleme here; we shall dofer extondsd discussion of
then to Part 253«

S£323 znollny ldnd of desdgion ig Luvolveld Weh wakiing moves in a

g, The ssntrrl festure of thees typas of doelsions js that the final anie

oyma of any eonren 6T antion dapenda not only on the action, or an e&ithar
imown or mitnowm randim factor3; tut algo on the actions of sn opponsnt who

may be rational and tay to aabtlcipate the obher’s aceicn in ardexr o turn it

0 hid own aivantage, omce we arsive ab the Umwory of gooes, the maswer
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far whom medern Permoullian utility wsa crcated as swavant. Ag we hava
presentad the preblse of desision wnier nvncartainty, decisons in gawe |
aihuﬁom&we&m]ysyadﬂm,inthatthommnotmwumm
2 gaw 13 unoaiain to the satent ihst it depends on Uha oppsnant's agt

Y

as =1l, Strietly speaidng, Us Wera "unmriain® is nenallv rassrved

oLt

for At nadives yhose ovtorme 1s e@le‘?‘ﬂv Aaters:inad bv the act chicwsn

{i.€., ths “decigion”), plus certein ramdan nvents, of which the relsvant
prebabiliides ars not knmm, and are mot dpssdsat on the sciloms of &
caiculatiog opposiiicm, Thr 21%faronna hebiian decision in gime situstions

and decigions under uncertainty liss in the Jact Vhal Lbs outeamd & B \\

acidem ir = gowe depands on acts of players xhoce owt actionad dezend in turn
on W Drot Dloverie eriion wmaiTos wis Sxurius.ac fachtere offacting thm
outcaam of & decisicn uudsr unseriainty ave indepandent of the decision mdooi
For exsmwle. in the queetion of whether o not to wait fo- the bug, and if
‘g0, far how Yong, s cutoome depends on the man's docizion and cn ths
actcal ssheduls f£a1lorad 4y the bas. Homesz, Le Lu2's scheduls is inde-
pendant cf the mon's Jdesision to wait, so what we have is a oage of upcer-
tainty, This could be easily cnenged inite a gomo situation, however, by
making up & malsvalent schadulie wulch diwractg that the bus avoid, as mash

&3 possihls, picking this man wo,
i, Sums of ths distinciions mods hore cnd elzawhere stand in conglderzhiz

L

philogophie doubt, We rsisr pariiculaly Lo the noilon of "irdspsndence®
ussd here, and a2lgo to the distinciion batmen risk and uncertainy; depand-
ing, as 1% scems; oo ths dletinction babwman "lmowmn® and “unkrows® . probac
bilitdes, and on the notion of "randomrass,® While we do not sgres with
thoss wno wirld miagals e astivity of Jlarifieatdon of thees cohsepts

0 the limbo of ugeless phuo‘qm_.zug {(inds2d, it bes bsen lusi such
queries which have been at the roob o;. the many refarmulstions of statise
ties and gzap theasry cf recent years), we baliove this 4s nct the pluce

to attemp! such lmwestigatdons,

L)
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Having tinp emphasized tim difference betwera gase devisions sad
decisicns waior unosrtainty, it remsins to poind out that the two provisss
are sufficlently similar that it is possible to go guws dislancs in tresting
them before % 5 nooessary to moir the disiinstion, Kven then ths distino-
+inn mey mialand by induging cme %o believe thst cecigion problems are dofi-
nitely of e kind or the othor, vhercas the fact ig ¢that many rroblows
Livoive eleasiate both of uncertninty and of a gamm,

We heve said that Borroullian uiilily thecry "salves" e owaision
provlen in the speeinl czose in which the finel cuicomes dspsnd only an the
action choseny and on random factors for which the probabilities are anowa.
‘The solution consists in the fact that each of thic diternative aciions ia
somivelant to soleetly scmn probability cabination of the final outocses
(analogoas to chovging a lottery ilekat faor vhich ths firel cutcomons sreo
the prigee). and heres it is possible to asgign a utility to the actions
izesiselves whish 18 acmlstely dsctorxminaed ty the niiiiliss of Lhs coansequenics
of the actions ang UL: probabilitics with which they ceowr, In declding on
s souwge of actlon, thien. cme gimply seiscts that with the highost ulilivy.
In passing to the gepszal docision preblem, w2 still hawne a set of possible
actiong and a st of fina) catoezes, and it 1g useful. 1o rapresent the
final ovicamms in terme of thaar asscalatad Derncullian vtllities, Tims=
in the thooxy of garos, it is useful %o rewreseni we passible rewnrds
fran the gome In wirs of their assoclietsd widlieinz, 1In genexai, s
cbieat, as in tha cess of alterrtivea wler wisk: ig to deturmine which
of the avalladble autimg ylelds s Lesl cutcware an msaswed irx 1331184y,

In the case of eltevnatdves wider ripgic, the best zslion was thal one
which 1tseif had the higheot Devnomiiian utility (i.8., yldlded gresatest

- 5% 3 \ [ L= A ] 1 B . i e o
oxpeoted wtility of sulcme). &8 we shacl 528, 1t 1g not voasible 46 aseign
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Barnonilian uwtilitdes Jireotly ¢ the aliernative actious Zp ths gensral
docision prodlem. hanco ib 38 pot possidla 1o sdlve it by sslecting the
action with greatest uiilidy. Hovertheless, the repreccniziicn of Vi
c3carss oo GLility payments bas masy advanvagss: cor one ikdng, a1l the
finsl pavmantn awe waduand to cowaredle guzmtities, ulsreas the actual
physical sitvatlon may invdlve payeente of very disparzte kinds, soch as
sovial presghigo, mwEy, foodstulls, ebce Socondly, chones svents may be
included mang the posgible cuictmes, sirce Dornoullian ulilitien are dew
finmd for thess as wsll as ror cortainties, The simple velation between
the utilliy of & risk altewnalive and the utiiitiss ¢f the sure altermatives

£ which it is compounded hois profound comsccuences for o1l of the eorics

Al Amal ol an ot Daws Arownl cenondd
A x S st

3.2 Pomdlization of tho Decision P et

Iz asaordance with the termindlogy of Oevshiclr and Blaginwall,
we shell speak of &\l decimion aitnaidons as gawes. though in fact zoy
giman gltuation mey invaive no competi@ve facters et all. Kash “gepe®
will invdive a mmbsr of "players” wuca we ¢l 1,25e0098: It I8 ©0 DR
undersiteed *hat the first playsr is the oms in whose docigion we are

inteTeswa, and ths other Woleweroh 2.....n ars his Oemomontgt:. The

terminclogy of gameo e used ovly far convertencs snd nmiformity. In
gensral, the plevers. especially tha onnenenkts. nesd not be hwean beings,

1, FHach =7 this malerial ic dworm Ira: Garshick; MoA.. and Bo Kiackaell,
Thaory of Games and Statisticel Decisiong. %o which wo are dseply indebteds
Tho notation cEplayod ners dificio considerchly fymm thelrse
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and mey bo orp’ fastors which influnence the cutcome in & decimion situs-
tion, Associsted with eah playsrs I = 1,2jeeeslty i & 88t of possidle
"actiomg” Sz shich we will call the strategy spase of pleyer i, LEssh
player is agsumed to mrks his decigion in complete ignorense of what
shoices the <ppoming players have mads, uwush each plsyer has moved, the
catomme is determinsd, Wo denuie the outcsme revulting fram moves BysevesBys
B{gyscecs8 )e Tho ast of pessible cutecmss, them, iz the set of evenmts,
E(a‘.l,.m,an) for avery possible ccbination of actions by the plsyers, In
conformity with our formsr notation, wo donots the sot of cutowERs by &e
Tor ench gutose, k in K, thors ic 8 set of "paysfe€s" to s
plag=rs, Insioad of working with the novoffe dirsctly. we shall sk @ih

Y WRSRER Y 1 P IV, Pty ~ - 1Y 7
- : T a3 L£oa W N Ty ‘Z’J-n ol ‘!"!3‘!‘:’? t‘_} n'imgg_:

i

- 4

cutome k wiil be gencted n.(k), Then for each set of soilanSs Syyeserd,;
ty the playurs, thsre is & corresmending paveff in uvtilities v, (B{sy;::c58,)).
To zvoid the cumberoesn notation u_;{E(_ts._:e..gan));, %o let the funciion

Hi(ﬂl,ooogﬁn) g erazit=v e s o¥ility pxyoll Go pisyor 1a 148es

K: w1l be cslied the "payoff function” fow player ie

will sesuan heb vy and M; arc wndninsd 2o the "pimreed § in quesiien,
In the zase of olaldsideal decisions, the only animete player is plegee 1,
sad hiz cppwmrb is nature. In tids ¢3=s wl dagligrete plgyer Llis utilidy
and peyeff functions u and M. omitting tho cubseripts.

Yaetder or not the ooposing ployere arve nndnate, It is playor Lis

prroblen tu choose Lo the soh 5, of actlons aveilchls to hi

B
o
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t
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- X L ST NPV X s

NS kW, i




5, mhich i1l ;leld him the best outcomw. This is the devision problem.

1s% us gppiy the sbetract schome just set wp to some ccuorete
sdtostions, A special, trivlsl case is the "game® imveiving only ome
plzyew m+h pezrible action x and pavedf function M, For esch 28t x &>
rvceives @iiy H(x), and hence his decizlc: protlem is solved by =eieciliig
that action for which the utility paymend is greaisshe

The mogh obvious spplicadicn i3 to games, The simplest game.
agide from the i-persch gams, involves bat cne move by each of e players,

after which ths payoff is nmade. In {his case; cur SChoms oo DS APPAiGA

4
&
}

disseily, The msves avellshle o any pleger i = lasensn aro just those

- = - { . 3 Y] X OVeE & -
of tue zab Se a ?E‘f.;ia’i_«,.;:s,w‘g) ig plaver 1ia nayeff for noves Srsouslne

(tamap of & movae gomiicaisad SolGIGs. NTVALTILE Soverzl movss; coon redneed

for the sals of simplicitys we ave considewing the 2-perscn gams tiowbes=iis,

R

in woleh player i has the first move, A strategy for player 1 in this case

-

ieg same 1iin or sai of rulss whish tolils hin ursduivecslly ¥hat move to make

i

in every citustion in uvhich ke mey find hinzdlf.. A siretegy for pluysr 2

35 dofined in the same wiye Then clearly if the two pleyers esch pick a

strsiogy in advenes; thove 1o mo reed for them Lo play the came cub; beimuse

they could both 203l Their swalegces oo & 06Isyac ¥ho couid caryy ad UD

indicatad novss and detarnine the winmers THe game is now reduced o &

single mwe Ly sach plasyer, nomely,; pieking a séralegy froa snong the stra~

togies which are parmisgibis accerding to tno rules of the game,

TP uy call the choooing of Uhe sheabsdy Uy & piyyer his “mowe".

1= hevo reduccd $ho gome Lo & we-move form, An tho gemordl geww situation,
g tho gels & (which w havc ddreedy designated "siiudegy maenst ), are jugb

ths availsdls strategies vo plegey i, and the game conpicts of Just vae move

by each ployer, the aot of shocsing

o
3
e
."
I
9
o
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A yot wa have oot nenblomsd gemss wnicr lnvcive ¢haudd m
though thosu are indssd the gyeat mejority of gawen wo know. Ay game of
sawde. for semmelle. invdlvas the chaace fackors which determine the arder
Sf cards inm ths Smffled dack snd vharafore vhich esxds ars doalbt o shmm,
A sivategy in pokcr tells the player jneh whet to beb (or shether vo withe
drsw) and 1Y there i3 any lseewny :in hexndiing hisc cevds, how to de thate
But eveLs if ell tho pigysis keve dotosmingd on ceviedn sirstegiss, the
ozz%oem of an antual play of o g 1o net dotermined complsicly, bLeczuse

s deponds Sisc on.what CaIds ave attuclly deali. 0o woy o ivest ihis
situsticn is to introduce anoilksr pigyurs player o + L, with avallshle
strategies ! L; vhom v might cell Yacture” and wao doterminss the catomme

of all chomc acouTyanceg. Ik the cage of poiker, the chante sccurrenses

&=

ars oontingd to the amfflings of the dock. ao the gpoce of natwrels swaie~
gas, {1, is just ko sob of poseible stufflings. Then for eseh chajes
of stxrategy 3 by the vizyars, and ordering of the cards oy nature, LW o
there is @ vniguely dstermined ouicons, E(sli“-”-‘ o583 () and payoff ¢o the
players Hiciflaaavjsng wj)o

For nuny ressons it 4s a0l dosivahlo to include another pdaysi

naturea", whoeo moves are, 30 t¢ sgaak, bid

¢.
!‘;

%, enong s ses of activeldy

competing, clf~intavegied pleyoru. - The aciual sdivilien 4o & paréicunlar
decision prcbilsm deponds nob ondy on the stratezisd avallallc ic ths pleyels,

tat slgo on their motivations for pisying, represented by the payerf funee
tiang, The inclusica of a player who sois vandomly, withood motivation,

nears that e sitvation inmvolving thiy o2 of ploger cannod he analysed dn
tha owme WSy s cre ravolving ooly intelligently clupouing rlegorss

socond mathed of repwesenting zames with rondim moves aveids the irdroduc-

-
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player #$iil included in cur n-persen poker game, Then for strategles

TR TS Ty for the regular players; and siufile!n), there is & unique out-
caes E("?l”“"n’ w). Ist us sappose thai there are cnly a finite mmbe:r -
of styetesios awnilsbla to natura {as is the case for smfflss of a dack

of cads); we label these W), wé,..; W, Beoch of thess has a defiaits
pmb.e.bﬂiwl 4y seeodk s  #iNCe naturu’s moves eve rvandam. For aach
casles of gizatagy by Umw playars By:enapd, W cAN defins the “risk cutcoma®

E'(Blgooogsn) where far 8l J < 1a0eosB

' “ : N - ..'-
B (Bpeoousn) E(‘!-!;Noswn: Wj)
iy u)i occiire, Thus E'(a..,_.no,s,!)‘ is the rick sitcrnative
of - H
P Y of . —~ SR wi TN
gd:lh\l‘-.‘lg -0053!!’ '—'..'14.7 "2*—‘\"13"‘3”!1’ L'Ve"""j ;lnﬁ“slg::e;sn: wﬂl -~

in ths noteflon of part 2.,4. In this way, as extended set of ouiccmmes, K',
is definsd, inoluding risk outcmmes from ths former aot of ocutemmes X,
Boernonllianr uwtill4iec are &fined for mixk culcauszs., honcs we Gan ¢afine
my payoff Tuwtions I«’dj for the pleyers. and the wew functions aoxe related’

to the originai functicus M by the oqx»mnlm?

o
hﬁ‘( .,ouugs ) & 2 KM

J::.L .j :L(sl:.;;s\gsn’ Wj)'

A - e s

la In ganm'al., thesa pr*bab;..:tm d(ﬁaou)‘\"n ngcd not be indepardsni of
the chmioe of stitacagiag by the cilsr PIEFHTSe The ‘s themsslives gy he
functions «’ gaoogsno Whet 4p czmeial iz that tha players know ks jocatiel
‘bn.].imz, W how Vhey depsprd on thelr owyn choliuss of atrategy. In case thw
piayawa do not know s probabilities, it ig no%t nossible te savry cub the

refh.c" = wre oselingd.

2, This follows immodiately Trom eondition BY, polS9.
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wo have applied the fermslisatieon co far only to deaiclions in
gaxesg the g2me scheme can, however, be uscd to reprssent decigiono in
other than geme zituations, Wo have manticned the dscision provlem undse
ummiaiua;v'. This can b formulatod =g s “omnme® with two players: player
ons, who attempts to make the dacition, and player wwo, nsture, who mey
be in ong of & mmbey of Pgtates’ ebovt shioh nlw oos i3 ignorant.
The =tiuns or Pstratcgics” available %o playeir one and neture sre, respocis
ively, S and L) , and for each choice of strategies s and {L by the players,
thore 5 & payolf ¥is, L) in widlsties o pi=ver one, 1% makes no pensd
t0 talk of a payof? to nature, since i% 18 asswed that nature ig indiffors
ent o tho cutcoms, To represcnt ths pysitlem of the mon frping 4o dedcdds
how long to wait for the bun befcre be gives up and walks home, the mants
strategies ora just ths s0t cf Tire inbervals ho could wait befors starting
to wullk, and‘ naturets stratogies axe inst the diffsront pounidle times ab
wueh a bus night leave “ho eohon sderp the son ip weidding. Ones man and
nsture hsve chosen their stirategice, tho culcome is eartain: 12 the waiting
interwal chosen by ¢the men s sush that a bas arrives in i1, the man ridss;
otlsrwise he welkg. Therefora, there is a f=fimits nillity for the man,

*

Moy i ) assoointed with coch palr of stratogies o nnd 4.

Ualite tus case in which natuvre’rs choice of stivalegy i medo

[4]
1o
i)

ACUTTAMIE O Inem predshilitins; & zowzs of chones, 4h IS nob nosgibio

!'

o mupprese nature’s roie in the decivica “geme® by intwveducing righ oab-

canss in the cage of uncertainiy. Ik the tos exampls, the men will in

173

gereral not bo sbla realisticaiiy vo ascigr definite prdhabilitizs fo tho

b

arrimal of o bug in any interyal of waibing, IF the men did know. Ie auy
g ressible imterval of waiting, 8, o prodebilily Py that tha bus wovdd avrsive

3n that Anterezi, Yhon the présder: cowid be cimplifisd oo £oliowe. Iet WA

h
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g be thn strategy of naturo of having a bLus arzive in the interval s; amd w

be the strategy of not arriving in that interval, Then far each interval,
8, there is a dusfinito vigk outcoe

< p, Es; W), (1-p )Els, @) 3>

That 18, & chancs p, that the bus arrives during s; and (1(-’98} that it doos
not arrive. If (s, W) 1s tho utility of sivategies s axd W, wu oen
define s payoff ‘funsticn M° for the siraicgy s alono by the egushion

Mi(g) = p (s, wJ- {14)5 Wi{as

2°{x) e simply the Beraoullian utiiity of tio risk aliersaive givos abhewvs

eI wY -

1
3.
s

o .}

Fram what wo have shem, if it is possible 6o defirs prebebllition for the
virms of wiTival of ths buoe, then we con radues the problen to a 1 -psrson

game for which the deuizion prebles has o trivisd salution,

3.3 Eixed Straisgios

wa bave said that the sete cf actions s strateging f.vaildtﬂn <0
play2rs 13000,:: 8T® 300053, Fram any giman so% of actiong, 8s2 available
to playsr 1. we oan ponevate a larger sot of aotlons in the following wayo
Stprom oy is fimite, snd consigus of itz sirelogies & s0v0yB 0 Then instesd
of choeeing ora of the strategics ontright, player 1 can lst sate shansa
davice dcoide which stratogy w will use, Ths chauce devics mmst then give

a sertain definite pratability oy o exch slrategy 8;, whers

z oo =i
t=1 *
gince exacily ono strategy mmst be chosaa, The ast of allowing ths stratess

ateatogy is reprasenited by 4 disteibutiom funclion; o ; where for 1 ® lycoecam,

(ai) is the probability with wich otrategy s, will bs chosens To be ehle

.3 B T —
8 ) e s i A
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%0 datinguiah the original set of strateyiss from ihe mixsd ctrategies,
ws will refer ic the original stimtsgies as puve atrategies. The set of

possible mixed stralegiss far plsyss 1 15 Just the set of distribution
functicns for the straleglies @;50..58 0 We dencle the cot of mixed etrate-
gles for play=yr i, §i° We Dow eavisicn an sniargsd gwss ¢f 1 ployers in
swhich aach person's move consiste of pleking a mixed stirategy from emong
thoss avaiisiis to him,
Caoe these sirategiss are picked, the geme’s outcome is dstermined
Chaplotely sacepe 4o¢ randssm faciors, The rondom fantars may antar at two
puints: first, in the opsration of the chanoe duvices which determine wirich
of the pure stratagiesn the piayers are 10 fcllow, and sesund; at random
mOoves Wiigin LhB play @i Ww gemso oinss ihs probobilities invalvad in
thw choren mixad 8irategiss arc known; o=st the strategies are pistmd &
definite probebility can bs asaigned o eash poszible cutsims of the plav,
Hexnse a choioe of mixed sicniagleos ig asgocdiisd with a risk tatcams. 7o
1Nlustrate in the cesa of a Z-person game, suvpows {ll,-,w.,q__} and
{ i‘l ,ooo,tn}m tha utrategy spaces of players 1 and 2 :-espec:imlyg For
any choloce ct pure sirategies 3, anc ‘.‘";] by the pleyera; there is a wdqos
! cutecen E(si_,tj)o Let piaysr 1 noy chesse te play according $o wixed strategy
G {1080y W Glwian 34 with probability o (xai)) and piayer 2 to plsy ascording
to the mizsd stwrategr ~ ., This chcdze iteelf detaraines the risk outeans
E'{ o, 1) which 18 for L = 1 540505 § = lycossn T0 got cutoams E(sis 3.3)
with prebabiiity ¢ (.5) (tj)-, "he risk cutowe is associsted with a
Barnonllian vtility, ana a payaff function M' for the mixnd sirategles

satisfies the eondition:

;.; m n
H (Ue dt) - u‘. [‘.Eg((‘;’ ;.,‘)) = Z 2 G(Sn) < (J“.i) H (81.’ t-i)‘
’ 1 11 §=i ¢ A
NIRRT IS AT g A e ¥
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The readsr can easily generalise this to the cass of n playersc. Hunoeforth,
wwmuiwmeummtfmwumtopmibothmrwm
stretagion and =ixsd shrategies.

It zay be asked why mizxsd strategiss shomld be considered among
the poesible sirategivs ¢r ections whish 3 person mignt take in  dseision
=situation. Since a mixed strategy is anly taking s chanoe mong & =<mber
of pure strategiss, and & pare strategy mist evantually be fellowed algWay)
it might be thought waut a mized straiagy can be oo better than the best
PuiS Bwalwegy o Whtss aaong whiah tha mimd stratagy scleces. If, I
exampla, the mixed streiegy picks ome of two pure strategies with equal
probabilities, then it muet pick i &f ithea, and it micht be thought
that e best it gam Oc Az pdck the boot pure strategy,l Then wiy not
pick this ia the firgt place? To answer this satizfact Jymdmnm
$0 go more deaply into the theory of gamss and the conospt of & solutics
to a game. We cai only hint here that the conoept of a "best® sirategy is
nst clearly defined, & thzt in games against au intelligent oppoent,
chocsiing & m™Mxnd a2tratogy has ths effect of maicng it impoesibls fcrr him
%0 predict what actien will te taken, anc hence what affective ccumier-
noasures are required.

3. Strategiss in Sizuistical Games

e T ee—

two pisyaore: plager 1, the siatistician, ani pigyer 2; Hatmeo The stalds
tician ins assumed to have dofirdte preferences as o tie ulcume, and Natvr

1, Tuis is precisely the 'euristic arguaont g;lwn for axicia M.k, pe L9
The fact that this aswguweni bresaks dowm hore, and the reasons why, suggest
[ ] important restiistions cn the range of sppilcation o« Barncullian udilities,
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is as3umed $0 ba indifferent. Ststiziflsal deciszicn rroblems are distinguished
from gensral probtlems of decision under uussrtainty by the fact that the
stgtixtisdien ean cbtain same information about natws by experirsnting o
smeldne hefave hs npkea kis decisicn, L7t usz assumy that the siatisticien
has a Jefimito sst of £inal =actions, A, emong whlch he must eventually
chooss, and that the set of possible states wiich Netore can be in is P
Given a choles of aotion, & in &, by the statisticlan, and a otate f in ¥
of Nature, there is s usfirite ocutecms, E(a, f ) which is associated with

» payoff ia uiility M{s, P ) to the statdstisien, We =t be careful in

the ocase of statistieal games to distinguish tbstwen the sets of actions

and =iates, and ibe stralsgy spaces fur ihe staltiatician and Naotore respedt.
ively: the sirstegy speses £z the 4mo plsyere are dsfined in terms of the

baxdc nzis of astisin, Lut also invaive the possible experiimuis wilch the
statistician can perfors.

Perides tha fiml agtions allend the stcliatiedan, he ip alwo
allossd to exparivat to cdbtain information about Hature, We nay divide
desions bosed on experiment into two categoriss: if the nature of the
experiz=snt to be performsd in ccupletely dstarminsd in advanes. as far o
ile physicsl cperations puricamed snd JUesTvaticons made are sontermed; I
sorrssponding deoision proviss is cailsd a singis expenimeot cams; 1€ tho
experimsnial cperaiivns ars nol dolaw=insd o sdvanes, bul pxy vory seecsde
ing to uhe e previsus coMervaiions in thi eXpoaimsat hswe been, the

decision situation iz calisd & sequential Eiss.

Ve »ay iliustraits the two Lypes of Gpacissnt by 2 single statie.
ticel deedwion problar, Lot us suppose that a mamufacturer of aliscirical
squipment. has received = shipment of 1000 fusssy; whieh he muspscts may con-
tain oo hkigh a proportion of defectives tat it wnld be =mixre profitable

—t "5 Y W Kade 2 PN RN (o TS Bl P50 i,
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to return the lot to the sitipper than o uss W==s iz b qulpaent., He
w&s&db‘wmtmlothym.nmfwnmaﬁum
them to find out how many defectives thers are i: ths sampis, and thwa
hase his deeisien on tis resuli. Thisn Yype of sewpling proendure is an
exerple &f 2 =ingls Ssporimesne c‘:em’ﬁ.onol Hevs the operations to be
performod are ail spscified in adveniss: they are siznly to sslect and test
20 fuses, revarding the nwbwr of dsisctives, The msasger r=igit have per-
formsd the foliowdng type of experiment instead: iu sslect fuses one at a
t randaE fros ihs 1ot, testing cach oma pe 11 is selected, ans —eting
whether e not 1t is dsfective, =i stopping after eitier (1) iamaily fuses
have boan testad or (2) a total of «wisver defective fusss have bssn foumd
Bs zight, far exasgls; ‘acide 10 accepi whe lot if fewer than eieven afisat~
ivsa are found in the firat t=snoiv. and reject it otberwise. In angy eveat,
this test rsprecente a mequesiizl cyperiwent, sinos the actaal cperations
performed in carrving ovt the itest are not campletely specified in advinen,

and may, in fact, vary all the way from testing a minimos of elsven fuses
o testing & maxime of twenty,

The sut «f cutecamss of the experimsnt is cails a__ﬂgm
and it is ic torme of WE simple spase that the strotegy
statisticden is Jdefimd. The rtatistician bases nic dessision on the antcomo
of e ompxsizans, vnd s comiiate sdlution o Um décislon provies requires
hir ¢o dacidn in advanos what action he wiili tuke in cass any ons <& the
possible outoe=ss of the experimsni i3 cbserved; 2 strategy for iha statis-

mm o s Y ‘]

tician i1s & “eamyiels” dsvigioan Of Wilas

g

P e | < AN

1. Ko camfumicn shoiad Sl t fronm t6s fast thai thie 552..‘,53.: ! wi
can be rogarded a8 2 succession of 20 smellisr experiments; the important
poimt to be bent in mind ia that the asquence of operations is predsterained,

)
=

-

o A e TR Wy il
P e




B0

o

function, d, defined ovar the smmnle spase (w:ch will be dengted 127),
and taking valuss in the get of aciions; A, Por all s inZ, dé{z) 4z 2
pamber of A, and if d {s ihc strategy deeided on by o statizticlan, axd
1€ 5 i3 the actual cutcame of the sxperiasut, then d{s) is the aciicn taken,
A sategy for Butos can 55 talss 40 be juet one of the possibie
statas. Pcr example, in the provias of the fuses, the pcesibls statss for
ths parposes ef %iw problasm sre Jus! the pussivie mmbers of defesti e
fusss io the toial 1ot of 1000, It is more usual (o taks a sst of prcbabil-
145 diztottedione cvew 7. the svmle emana. raibar than s set of possi-
bis statea as t%e spuce of Natnre's stretegies. It is assumed tha' $o
sath ¢ of Un possidls states of Matore theme ecrresponds a undee nrobhae
Wl Asteibuticn cver 2, An thet, glwen thes: Eatnra is in a particalsr

p In
state, thez thers iz a dsfinite, caloulsdble nrobanility that arny ons of the
peszible sptecmsss will he chaerved. Peor instanes, if the number of dofeoilve
fuses in ths lat of 1000 fuses is n, then for all m, thars 1s a dafinite
provenility that thave wil) pe m defeciives smoug & =ample of 20 drawn &t
randam from ths I3,

We have dsscribed stravegies for the playsra; and the only fastar
sti)1 undefined 1is the pngroff to the siatistician rosuiting fram the salse-
tiorn of 2 paldr of gicavegiie by the plurersoe To give the defimiiion; we
muxt 20 into slightly wore detail then w2 have so far done, This will
izrclve ddetinvishing the cases in vhich the experiments themselves have
no cost (ubere the piciuswing of the oxperiment doss oL affect the total
wtility of the outommses; fron those In whioch the performance of the exparis
mend mast e rockonsd 1alc tha wlilily of tho fins]l micuaes, OSiiss Us

& opersetions \p single=experineut decisions we all fixed in advancs; thras

BYFTIRGN0e BNy b as=mmad o have fiwmd ecats: the cost ray therefore bu
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naglectad as a facisr in the dscision, and no gensrality is lost if we
ssaust ‘hat these sxperimente have saro ocestiz. The ccet factor is not

consleany for seouweiddal sxperimsmts, i ginne a wise salaction of strstegy

by the statistisin: z=ay be abls $0 isduss 5% & 'cost function! ==zt ba
incinded as en cxplicii fastor in siodying sequeniial dssismicn problisade

3okl Payoff Pantiion and Sirmiegins for Single-Experiment Gemes

Iat A be the met of termin:zl sctions for the statistician, let

Z be the sample spass ior the experimest bs is to perfarm; lai T e o
szt of smtotes whish Natiuiie cam b= iz, and let M be the payoif function
such that H{a, ) 15 the psysf? in utilities to ths =totigtielion remilidng
from action a by idm and state ¥ of Mature. 4 strategy (called a pure
strategr ¢c Hstingaish it fran sizad stvategles, hish will be dscoribed
later) for ibe steiisticlan iz a decision fwietion, 4, telling him whst

'—..-'s
3 LR ARy

actian to taie for sach of th= posxlhle emisimas of iWle

w

3.’5'2’.

sxpe
be ths ==t 3P all such Jmoisicn functisns: D, thean; is ths gpacy of
sltzatecs.egs for the statisticien,
Associated with sach state, [, of Hature, there is s procability
digtetvution wk? ever Z, such that if Nature ig in state P y than L‘)*fr(’)

&
]

the peahaldlit= that ¢ w1l he the setnal onteans of the exveriment. let

- b
’»‘3;

b2 the st of &3l the prohability distzitniiona aver 7 definad Iin

t wy: tec {1 is the spawe of siratsgies fur Balure.

;

we must now dofiue the payell funciion correspunding 1o a cacios
of strategy d by the statistician and Wy by Natwre.l If Hature acts eccord-

¥ than Tor auch onicome =, there ia a definite wrobability Luuisx)
i

i, We shall asswe that all of the distribution functions, (), corresponding
to ntates of Nature are distincic

W
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thet # will occurs Ths action talen in this event is d{2); and tha corraspcnd-

ing payoff M{d(x) \P Jo Since eazch of these outecomss Laz a defirdte probabile

~w

ity ami 18 assceizted with tha utdlidyr M(d(s) L ), the compound Bernculiian
utdiity due to strategies 4 and w“F 5o the gum of the payoffa for the
pariicilar ontemmes, multinliad by the probabilities thnt thoss cubcoma
will be cbserved, let M(d;,u{f) denote the payoff due ts strategies 4 sn?
g then

Mla, Wy = 2 Hd(z)s @izl
e Piwy

2

Roeidme thn seb of pure stratogies, U. for the statistieian, thers
is the carrvesponding set of xdyed strategles, definid exacily 28 iu 3230
Having defined the payoff function now for pure strategiss, its domain of
defirdtion iz sxtonded £0 cover mived straiegies 21=5;. as shown in 3.3.
There is a second way of defirdng mived strtegies for singie experinend
games, which is perhaps only slighidy more cunvenieat to use then the Iirst.
This method consists first of extending thw set of terainal acticns, 4, &0
include not only digerta acts, dub prodbabilily cunbinktions of those actse
IT we wete $WI1Y working with & docision provlem onder uneersainty, in iich

the statisticiant

0
Y
f
o
“
q
]
o
4]
(%}

ars just the elsmantz of the set A; tten
the extengion we are congldering would be just the set of mixed uirategiss
over A, considered as u set of pure strategies. Lat the extension of A be
dunciod AR, Ar we havd ahown, the payoff function czan be dofinsd for these
mixtares (we avoid reicciring to the memhers of A# as mimd strategies; since
w3 ere raerving that term for mixmd strategies over the domein of decision
fimctiong), We may wow ccasider A% as the set of terminal actions for the
statisiician, and consider deeision funciicn 4% which pick out for eash

peasible amteoms of the experiment a particular marber of A% to be talmn

e da-

if that ouicame toeker place, Fomally, this function &% is d&&iized ovey
the garmis e z‘“ ond alme wolua S i_-}; ameh that 1 the statisgtistan

I
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scts ascording v 4w, and the outewme of U sxpsrissmt 12 ¢ than ko

-!z'

must take sotion dw(s), widch is a risk combiiration of the basis set of
action, A, We shall call strategics of this second iz mixsd strategies
eino.

We o dmagine the difforence bsiween the two kinds of mixed
stratsgies as lying in the faot that in one case we definw pure sirategias
as desigimm functiong mapping the sample space, Z, into the set of purs?
actions, A, then farm the mixed strategles by taking probabiiity cowbine~
$hcns of the puve decision functions: in the senond caes. wn first form a1
prohability miriurss of the action spass, A, then form mixed sirategiss as

dacisdion functions meppins 7 izto A%, tho setl of probubiliyy mixtures of A.
In either cass, 1t iv camy to ghow that the payoff furction can be definad
for that !2md of siruiegy. It can ve further shoun that the twe sste of
mixed strategics ass sl ‘—.ﬁm&:mi&et-wLwyMsmung
of the first kind; Wisrs sxlute a mixad strataoy, dg of ths seccnd, such
that for all strategiss, W of NKotwrs, 5(:!‘1-*, Wi '«I’d§, W), ens vics versa,
Ieat up dencis the set of mixad straisgisy, ther cf the first or second

n!!ig Dy

to the exmmpie of meking s decivicn sbout the lot of L0CC fussg. A, the set

a¥ savminal spokiane. sormistz of the two o0 tenwidves ‘accept! and ‘relect?:

let thoss B0 o, and &, respectively. The set of staies of Nature ara just
the mumber of possible mmbers of defoctive fiwes in 1000:; that is. W is

I

thes oat tn X2: 00 M'tmo}- Tn order to formmplate this preolem, we nast

assume that a dsfimits payul? Mz, (P‘} govrespends 1o an action a, and o

&  state, P . Suppose that the uitility resulilsg 4T U lot in accupted is
propoeriianal to the nuebsr of aon-defocilvs foses In 1, and the expectsd
“ng-‘-»w;xfgml o
o, R N S T SRR S ARY 24—ty
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utdlity 1€ 3% 1= rojented

A
SO0 defuotivos. 7Thom, we can sgoums M satisfies iks equations:

¥hare 'n® in the shove equaiion desnctes the stnte of Haturs in which tha
lot ecntadns n defective fuses.

The ssmple conglsting of salecting 20 fuses st random ires Us
lot and countin: ihe mumber of defectives ic a gisgie exrariment test, amd
W procsed e camsizuct the oot of stratcgies for the two players, and the
correspending payoff functicnz. The somple spees for this experiment is
¢k net of possiblo cutcmmen for the caperiment, wuhich is just the got of

pussible mmbers of defective fages in the oemple of 203 this is the set
I

- 2
..... =30
N

7 .-;;,‘.-.,22-‘5 whisk is danoted Z, A pure stvatagr for tha shtatisiuleisn die
2 decagion funetion which tellg Linm for each possible outcame of the sammie
whather 0 acsep’ or reiect; it is & fuxtion, d, dofincd on 2 and iaking
values in A, such that d(m) is a, oF 4 acoording as this decisicn Mnction
drects him 3o accept or raject if ne fiud m defectives in the comple, The
sot. N. of pnre strategies for the statistician, is tho ccllection of all
such deglsiorn functiong, and it is gagy U9 shov Whad there are just P

r < Ry = PYUURRE 5 U T
such stzaisgics. TIho strabtogies fur Habiuo

51}

vo e probability dstrmibo-
ons ooroosponding ho ihs states of Hetuvssy iving tho likelilood thal any
particulor cuicume o the oxperlment will be cbaerved if Nature is in the
diven stets. Lot L) to the distvibuiion over Z corvesponding e the state

in which the lot of 1000 contains n dofective funos: tuwa W(m) is the
f.4

" 4 probability of finding m dslectivs fuwes in toe sample of 20. civen that

e o e e i Sl
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tiore are n dsfociives 1o the Lot ef 1000.% The eot, {1, consisting of
all guoh Giztribution functions is the spase of strategies far Hature.
There axe 1000 strategles, correspcerxdng ¢ thwe states D = 0y1y000,1000,
We oan now uses the formula of page 8l to caleulate the payoff to
the statistieien resultinz from the choiww f eizetsgy d by kin, and wn
by Bature, Sinos A has cnly two mesmbers, 8y e:d aq tris formula reduces to:

M(us { Z a (nﬂ H(asn) - [ (m;[ M(az, n),
| LMea” (e.l)..l med 1(a Yo

ar, substituting the particular valuss giwon for the paycff functlien; w get

LICR ] 20 <), 2 Wylm) + 500z W im).

~—r
]
~
B
3
3

EES SR Wy P et o]

It Wwill be ghmurved Wiabt Wis twoe sums & U might-hand side of the sbave
expressions ara just who icspertive prohabilidiae the Jot will bs acospted
ar rejectsd, given ihel the statistician acts accerding to strategy d and
¥ature according 4o sirategy wno

The mixsd siratoglus of the fivs: kind are Just the poasibie nrob.
avility distribuiicns cror the sat of yovw strategles, P If 6 is sueh s
rmixed styrategy, then il statisticlan is to use a random device in determin-
ins

=z <hizh of the pure stratexiss to uss, such tha® 1t gives a probability

8(d) of chcosing pure rirategy do Under thasu circustances, the payof?
fantion for mixsd strategy 5 and strategy (1) for Naturs is=s

1, I% 3¢ eagy o ahow that £o a1 R = Uydy2,500,800 "w'n(m) sauislies
tha aquaticon

59 (i 9833 2l (1000=n)3 203 :
A Y (nm)i (580 = =en)3 (2 -a) s




«fife

R M6, W) = aﬁn 5(d) M (4, W )

se fillewm dirsctly Orsz the sanation given: in 3,3 defining v payoff
function for mixad stratsgles,

To define the wixsd strategies of i3 sscond kind; uve must o~
sider ths predebility cwehinntions of tiw bamic ssi of actics; 2. Sizom
A consists of Just two actions, acceptamse and rejsction, the probability
sabinaticns of the aotions can Le represszizd by just fyo mmbherse o and
1e 2 , vhers .z.isth-prababmw hk‘inaac‘dcn.l\acczptw}amEl-x
e the prohabdlity of teldoz 2, (rejection), ILst A% be the sat of all these
provabilily ocoobinations of A. It ia comvenderd for this emzmple to represend
each memhar of 4% ax a single nwber £ , ¥here if £ represenis the compound
actiony &% in A% then a¥ consisis of taldng & chanss 4 of perferming a5;;
and leu ofperforminga.zo A mixed strstegy of ths second kind is 2 decladica
role which picks cut a certain meuber of A# to be perfamed £+ euch outooms
of the experiment, If the statistieian followr mixmd strategy d#, axd if
s outoass of the expervimsnt is gz, then b mact talm the actian currssponding
w0 dr{s)ri.ec, take action &, with probability d={g) and a, with probabiiity
i=a#{s), If the statisltiszisn has dstermined on o =ixod strategy d® to fdllow,
gnd Hatare follows strategy wﬁ, then thore is a dalinita prcbability that
action ] will be talen; whiech is in fact ths sum:

2wy (s)an(z)

zeZ
i and & ourrespending probability that a, will be teken, The payof? Tc tie

statiztisian corresmonding to the stratagies 4« and wn satisiies the oquadtios;;

e, w ) = z’%(s)d*(z))ﬁ(sl,n) + (Lngniz)d’é(s)) M(z,n)
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wiich rodater o

e W) = (z W (aexm)) (1000-n) + (- 2 W\ (m)ax(n)) o500,

m=1

2.k,2 Semential Games

The basis experiments of sequantial gamss ase 1like those for

mmﬂﬁ,ﬁ"m gamss previcnsly deseribed; housver, in the sequontial
gme, ths axpsriment is analysed intc a ssqusncs of sub-experiments, and
the statistisfan 43 allowed to t=rminste expariments at any podnt in the
sequanos if b5 50 desircs,; leaving the rest of the SUD-GXPEIimsivE WpSE—
formed.d Thus, the experiment desoribed in the last ssction can be amalysed
iGi¢ & Soquanee of twanty mubemperimEbniS, sech Snsizting of sslesting o
fuse, testing it, &mxi noting whelldr o 5ut &t is defective: To trmnsform
this ¢ xpeviment: into a sequesntial pame, it iz only nmasvgsary to allow the
statistisdan 40 st0p &l any poiut in the sequeocy ard ke his fine® derige

[1t)

i5n o% that ¢iwe. Thsre would he no paint in ctopping the tests befxe

the and 41f ihs test themeselves cost nothing, an? thervicre sequential experi-
ments are of practical interest where ths tesis have eome positive cost {ar
mgaiive wadlisg)e If, for exmmple, it were mscessary to destroy a fuss in
order to toet it, tho statisticlan would heve g practical intersed in reduo-
ing toe maber of Ussi3 as much as poesidle,

Ths possibility ¢that the statisticismn may Weiminals the isstc =t
axy point in the seguence (or aven before the sequence has begusn) greatly
snlarges the range of stratsgiss available to Mm, As w8 Lhavs sosin, &
straicgy in & 2ngle BXpPurlsauy pamd 45 & wuesacn Sunction diwecting what
oction should bs taksn ia the eweutl ay catoome of tle experiment i2 dbsexrved,

In 2 sequential gaxe, a strategy must includs g xulc wliich falle the statis-

tician vhether o Gondme exporimenting oF quii at scop padnt in a2 sequence
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® of doservaticis, and ii mist indindoe s rnle which tells the statistician
what sction to take for each poczible way it ¢xpariments umay termimis.
Iet us now try to famalise ths nciica of a stestegy I e

statistician, As before; lot A ba the set of fincl aotion, Let 2 be
the et of outcance of sn oversll compound sxperimens:, shich is amlysed
into & sequance of sub-experiments or “component” experiments 1,2:..09k
whose cutconss comp 59 the sets 71,229o.°,"1.ko Bach cuteame, = in Z; of e
sapoand sxperinent is 2 sequenus of ouLGURES, Bysooos s of the easnonmyl
scnevinants. In gereral, we shall wite
%= /) Bi000asty [/

ware g is the ocnpound ocutemms wrish cotrespords 40 the coponsnt outemes
Sysceen¥y.s 1= st follows it will be sonvenient to edopt the following
vismeoint uith respest 2 t2s compound erparinents whose cuteomes are 3,
Bafore &y of the subsasperiments si'a bagun, 4t 12 auswned (hat the com-
pound experimant hes o predstexmioed ontesas, 8 = //2 500008, // Perlorsmnse
‘of the uub-eupmﬂ.nnmﬂainwdammtm eaponents of & areo
Cesnaticn of the mubwarxneriments baice the finel one is performed means
that the vemalning eampononies of * remain urniveign U0 tha staldsiiciang vt
these cutocizes ars assumsd to oxist nevertheless, The adoption of this
convention, elthiugh it may bs offensive logicelly. oreatly mimpliiiies ¥t
LulssmiGbe of thn definidsian of atrategy for ths ghatistician, Ths cgsens
tisl point is that definilicos must not Gspenc b uncbsarved components of
the catoowes,

Fart of (s statiatisisnts strategy ccnsisic of a muls tellisg
bim whethes &0 stop or contima at any point in ha experimentatima, Sush

TS PO T WS ST PN MABIUT TN U 10 PRS0 e e <.

a ruls 15 callod 2 gmmmiing olan, Foyz=elly this will ba rsprescaied by a

™

Lumntion, g af two varlidlss, much thet if the cuiguwm of the capwund
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sxperimeat is s, then the ntatistician is to caubiuue alter cbgerwing Us
first 1 ocomponents if g(3,s) = O, and s4op 1f 3(4,8) =1, Thus g is &

funotion whdch tells tiw siatisticisn for each Sumpouna SThoNmD, 8, he

mawmr soponents he should obmserwe: nimsly, he is to eontinue cbserving
OXIODEIES 315855050 uakil he arvives &t swe L for s glsue) =1

htoobmisianduxsas‘%.epo ¥z shall placs 4o restrictions on the
function g. The first is the cbvious ons that for fixed 1, zg(i,%) must
not depeni oo s ocamponcits of %

sftar x,: this for the reeson that g(i,%)

oee D A BB e ah

is suppossd to dirsst Us statisticisr vhathow 40 ston or eontinne, and
this camot ve pexrmitisd 4o dapend on corpamants ahout which the statis-

$cdan 45 2110 4n igneronse, Sseondly. we siipnlate that for all s, R(ial)

15 1, {1.e0, directs = ghep) for oxnctly ons & = Oyl ,-.pke ¥With this
restriation: gli e) has an interpretation which will prove convenlent iater:
namely, g(i,s) is the conditionai probabliity thut, given that the outcome
of the compound experiment is =, the mmbaer of camponents observed will
s 43 thai is; that the statisticien il cbsesve B pocoslyo then stop.
Ist tn st Gl saple plecs b5 Go

e wey in which a sampliing plan furction, g, wauld Le used in
practice wonld be to begin the scguwenss of experiments, and note thaeir oui-
omes. .‘..L;ﬁ_zecc until a potnt was reached for wiilch the onlaowes chearved

4 soonozonia of sowe compound onicome £ for whieh

p
:
i

g{2,2) = 1, Let ux return to the probiem of ih: {uses {&@ & cunsrete exsmple,
A sampling plan is represented by the instructions: "test fuses ome at &
time. netins them se aoacdafasiive or defoctive. and stop after sithor
alsven defosiives are found or tvenly fuses have been dasted.®* There are

& tumnty snb-experiments in this cass, sach cns of whdch has tw posaibis

cutcomest non~isfsctive or defective, wnish we dencta O and 1 respsctdwely.

i et g
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Y Herce a cagpound cutcame is a matyiz of twscdy compomsnis, which axre O's
and 1'g, The funstion g in this sass sstisfies iba coniitionss

The reader can esasily verify: (1) that the function defined above satisfiocs
the two restriocticos stated o pegs 16 ad (A1) that i1t dlrects eantimation
7Ang in oettly ihe sims sitmations 4het the verhal inatwneticos did,
The sseand port of the stalistician’s atrategy consists of a Tule
whizh preseribss shal action ke ghal} taln fae sach of the possible W™
the sequence of sxperimenis msy teyminate, We shail call such 2 ruis &
dexislon ruls, WS ixmgine that the campound experimsat xay Lisvs sy oabe
comm, 8 in 2, and that the ssapling plan may de=nd Lhat the ssgqueme of
wesivetions mev b {arminated at any campeaand, I 1 @ 0plyoecpio A
deaision rule, then, rwet tell the statisilidan fer any possihle s, and any
possitie stopping pilnt, 3;, what astion o ixase Foreelly a decision
il is reuresentad by o desisiem function, d, of two varfsbiss. sush that
for all % erd for 1 ® Oylyoooky 4(3,3) S8 the action (ivess d(i,2) 48 3a 4}
which the gtatistieizn 33 to take §if the ostoome of the somprand eyperizesy

-

iz = i%e s=oiisg pian reguires thet the gobawnariments stop after

g
4
E
i
!
E‘

the fivat i oompocsnts huve been observads, We must place 2 resiFiclicn .
the allowable Jecision funotions analogous to that we pleced on the samiling

FAN. S -
Lin6) wueh oot depead on s

w
wshisuived saaponshie 8439275530 et thy g3t of demigien functicns be

- danotad Dy
1, In most aqges. 2 dazision mus <f this type will prwsoribs acilcns fo

sacnangee 5P cbeervailons unich cunnol arisw, bteaimae of the fact tiat the
sa=piing pisae chozen reramires that elther ww oboirveticn do sioppsd before
that podnt fs ruadhsd o eontinued past that podmd,

225 g b e
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A straiegy for the statistician is s sampling and a deaigion rule,
which ars fwmally represaniad by 2 peir of function g iz G and 4 in D, If
the statistician secte accordinz to g amd 4, and the oulsims of ibe comound
experiment is s, then o is to chesive saxponents s e ... il emas S~
W&hma&df@@i&g(iﬁ)w‘”mummm.«:ﬁm
d(1,s5).

In practice, if the statigticien acts according to a strategy
:wd:a;m%xémmmwtmwﬂmz
netig then as Bys8z0an 8tg., unill oo seguunos Bypocoply has besn obecryed
w=hieh contalas ths first i caponsats of a coapound cutecans s for shish

PP T . Sy

g{1,3) = 1, ‘then axperizentation 1s to stop and ths asiics 1o bs tai=a

&

d(i,3)s A strategy is represeniad by the instructious: "lest fuses dreun
om by 2% ab random; until elther cleven “sfoctives Lave been found ar
tmmniht:’thntamd,t!mnw@ptﬂnlotﬁhutmw
dsfsctive: haye boen found end rejact it cther=iss.® We have already cop-
stroaiad the funstion g representing the sspling plen for thiz momple.

The wet ¢f final actiomw is just accoplimee amd rejaction, which we Genots
s, and &; respertively; then for ali i amd g, d{igx).;m.ct.bees.thr%orag.
‘nmreadarnvem'se:'-‘-_?itbatmmmumdidaﬁmd

(&1 ifsl4320.u#si<ll
d(i.') - ‘i
1

y itzlézg-!-..,afgi?;]i

45 acburlly the dansired declsion function, We nuvie, 00, that this defind.

{4ca refers only {0 the first 1 components of x, aa requirad.

;: ik A 7, t . v 0
s 201% Az undesstond that A g(ogﬁ) = 1,\ ther: Lha sequance is mp’n of
= 44 hes heer bagun, are
=
AT I e i) A T R ST A
~x.-sn-:l‘--'!h‘-”-’-ﬂrmm’ ' % TN S S PRI, T T e Fa i




@

-
Wo have as yet satd nothing shom? the spece of sivaisgies o

Natura, The set of states of Maturs is | , and, a0 wo showmd in 3okicl,
tc sash P in‘,‘feomapmaprcbabﬂiw dstribution Wy over s,
gach that Wy () ie the provability that the octeame of ti: coapound
sxpeTansal 16 #; given that Natare 45 in atete Y. It is sonvemisat o
gensyriige thig and considar funcitliais 'w? &2 $ue variaties sveh thei
w}p {io%) is the provsbilily thet the ocutomes of the first 1 smb-expori-
ments e 21Snpecnnly given tbat Nature is in st ¥ . I2 4 is held

" e

f
P - = e XY N - e 1 - R i NS, P 2
ixed, tham Wy (31,5 asioalldy is & prooability disteibuticn giving 5
f

mrobabilitise far sequenses of ontocess of ke first 1 sub-sporimwnts.

Al) that remming now in to dofine ths peyoff coarresponding ¢o a
strategy representad by g and & for ths sta¥istician and u'y fer Hature,
As in the case of th? 3ingle expsriwent game, Lo isonze that thare i an
undrlying payoeff fussiion M, such that for cich action &, and stats y
M{a, 4 ) rapresende ¢ puyeff 1in uwdilitisn to the statistician. Begidss
this, howsvar, thers is a goot, uirleh mmst be subiracted frem the fimad
pg=ent na the prico of esperimertation. We soooms thet tho cvet iy rep-
mesented by sowe furetion, o, of two varisblas, such that ¢{i.s) represente

Ws 185 o Ws sislistician In whllitiss 3€ ¢ha aovbanmne A7 the asmmnd

experimany ig &, aud i perfarms the first i sob-wxperimsats, As before,
% require tiat for £1:md i, o(i,3) is indeperdsnt of thz components

s e dens D Yo awezme fordhawmare thot nerforming eseb additianal

-i ol i W e L

subesxperimeat adds to the cost. or at lcast dooo not decrease ih, and
that perfarming no experimont ccasb nothings Formelly,

e{0.2) = 0,

12 4 > 3, 5o o{1;2) = e{Jpw)-
o e e e
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The peyvitl is now simply defincd, I{ the statiztician occusss
stretegy g, d, amd Nsture chucses Wy thon the probeidlity that the

ssTsass of swroparinmts astuslly ohearved is £ 52050 005%g ia

ard iBs payoff assoelated with this sequence of cbservatious and I

of strategies is

M(ali,z), P) =~els;2) .

Toe payeff fumetion, p(d,g, Wp ,2); dus to stratagies g,d, and

&4 sost fimstiom o 1y definad by the equations

k
p(g,dg wfga) L 2 Z I‘X(d(iga );« ?" ) - C(ig‘)(g(i,z )“A‘)Q(i"i)o
«eZ 1=0 !

1. Reeall thst z{4;5) can be inlerpreted a3 the conditional prodability
that 2980500093y will be cbzcrvsd given that the aotunal sequence of out-
scmes 18 £1sBps000sdny and that the Statisticisn acts according to .

2E2°

&
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3.5 Decision Prinsdpisa

So far we huve set ferth ths formaligm for representing a wide
<aristy of proviews without aciusily giving iis acduticms = =y of Hsmss
problend, & “salutiong™ in the zense that we are using that term herw,
is a ruie which teliis player 1, in whose decislon w5 ars interested; widah
atrateqy to ehocom frem amcng thoms availabls to him.l A rule snieh dirwcts

=hat docision 10 make in a large ~lass of zwms iz called s deeision prinsi-

ls, Dscision principles st be distinguished froa decision funstioms ia
Slatdslicil fumsse & Seuienss funttion 43 o Ztweutegy dn a rartien]lsr stae
tistical garn, whersas a decismion ruls is a rule whiah picks a strategy
in a large class of games, In this seotion, we chall discuss sam of the

e PRS- 1 t’\-l Y -_i.‘:ﬁw g Y — M“(l“‘ l‘hﬂ‘.‘m m‘im

H

plaz vhich have bmex sppliad to certain alasses of problsms, and ths rutlonales
behind them, Cur dissursion wiil be very limited for tuo rezgong: first,
becauss tho geacral teoary of ascisions, insluding statistical decigions,

is vary eomplex axd wouid take ns for from our main sbsaegiwgz eIDUEL, MUY

main cbjective is o riuw whnat r<ie atdlity ihecry plays in s goosTwl
theory of Gecigions, o, iu e ©“ass, this hars dlrssdy bees soswpiizhad

by showirg how the newnff funotions are dafinsd is terms of the Bernoulilian
utility functions ol ihe players. The only way that uliliiles enter inte

the forml dselstiqr problem 18 in their elifest oo the payoff functions, and

onos the payeff funuvtions ars defined ovsr the stralegy specses «f the players,
e dedimion probler iz afined, However, decussicn of the decimien priv-
ciplaz thras light o utility theory iteulf; since, es w3 shall see, tie

1 The dafinition of fsclutis’® in von Meumernls theary of neperson gomes
ciffers fram our wears: haww, The von Neweann soiuition of & gawe dSooribes
2 oartain property wited 1t can be arpved the zawe nmust have i€ g1l the

ployere play rationlly, but does ot deparibe what f.h(s actnal steatagiss
or ﬂn puu;mra Wil be, and nemw 1% Joes ol previde a3 daalsion prinsipls

i o Tha rewder L2 az agaln refemred 20 the Thewy of Gemis snd Statdwriadd
g Desigiong by Ueraidek spd Blaskwadl fur an intxodumtion o the vecnrdieal,
4 - P e "6‘
A gide of s swblecu, 04
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& chalos of a dsetaicn rlle widch providen She zclviion %o & Gedisitn protlis

should %o based o arguwents anclogous 4o those advanoed in Justifiestian
s axdose of Barnsullion utility. That this shovld be the cess is

£\

Svious if we zecall thy Bernoullisn wtildty iteclf 4 a theory of rutional
deoigicns, and 1z moant o provids & dosizicn promedvvw in gitvationa 4n
shieh the utomss of the fgeme! denanda anly on the setion taken by the
porsea meling the deatision, and on charer factars of which the probabiliides
are knowms %3, examination of the argmwnic supparting the choioe of &
decisicon principls will serve to dlarify the eomoepiual ragis of widlity

itenif, and will help to ezpode sme of the rostriciions whish oust

i

el

o visped m = snciicalons of Bernsailisn utiiitlss,

Utilite theory itesl® provides ue with the first example of &
deaision prineinle, nmmsly: in choices emong aliwraatives involving orly
risi faoctore, shocsa that actira with the highset uiility, The rationals
far this priocipls is giver in thoe ergmonts whiish Jusiify the axios fow
Bamonllisn widlity, T 'gamss?! for which Borasrilien wtilidy providss
the soivtion e =zs8uiialiy all thn ‘onswparsont samss (mee poge 726
Oroe; past the coo.pexaon gemes, wo shall fEnd that. except for a vory sall
class of twowperson pames, Yhave are 4o ducisian pyingiples whish provide

! saluticns s gatisfasiory as tirose Barncullian williidy provides foar aw
narsan ganad, Bevond the one-perem geues, the ficla of decdsiom mratlisss
mer b0 convantently smbdivided ag follemp: (1) tuo-person gamss in vhich
both pliyere sre vatimal {1.0., play for sell-irteresi); (2) mwpersen

pamgg in wrich a1l the playsrs ave radional: {3} fwowporson cemas involving

can rationel player against a roneraticnnl appoosyt {(Hadwse): (i) n-perac:

~
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=98 irmciving both rationel and nan~Teticasl :1.'5?!&1" It is oxiy

i ]

for a ceriein sib-class of (1) that there axists s desisien prinainls
waich s ponerally zcospted as providing satdsfaciory suiuticns. This
ia the woporse gtew c=lled Sorc=sua in which the intayests of the two
Players sre dismstrisily oppoecd. e shaas ===mire this type of gaw
and the correspoading decision prineciple bilow. For e NCO-ESTO~CIA GENSS
of class (1) there is at present no aatisfestory thecry, aithough soms stets
have bewn =mde; It 15 pousible to define the potion of !sapo-mim' Jor Immes
cf =39 (2) analogonsly to its definition for ths gs=ns of camss (1) Son
thera 15 a theoey for the sero-sus games of sleas (2). Homwer. this thecry
Soffcrs {wom twn defecias firsi, it is bassd on the assumniiocn timt the
players in ing g=== will fso= themesive; {nto two coalitions which uWsn
ey as if they were playing i tso-person gamej and ssconi, this theary
does not YsolwY the desigion pavdics iu ths seres Wt == ars nwing that
term, Gass (3) includes thers stavisiisal ga=ss wheoss slraiogies wer's
degeribed 4n 2. There is an extansive theary of stabtistiesl decisim
Prece o3, Wt thore i3 no Ghaimien prinoipls which ig generally recognised
as providing s satisfactary soluilon %o all proviem: oI (ke cless, (lase

; (i) %= memticmed auiy for the sake of cumlotancess eo far as 8 knom Le

4is anther. thare 4= at yreoscat wo theory for games of this class,

3.5.1 Two-Terscn Gemss Batweern Toe Paidensl Pluyers: tie ficimex Prinsigls

The nost obvious gawes of tae cliass w are oonmidering are taso=

ORI SERRETS ST GVTRe s

person parler suass like checlors and chess, and tus-poroon fame of gaws

1, We have shown previcusly (p. T4} that if aie or move of the nunersticval
] silgrurs nuays accwding o random strategles wuiose probebility distridbuticws

zra dmowis 40 the plavers, tien (e gums can be efonmdated without iwue
plagwrs, Hence it is suilicisst 10 conmidsr gaoes in #haich Us nonsraticss)
pisyers renrssaixh viesrtain facters:

€

LAl

2. "Nenorpen' goxe hevs refors 10 pivas witi: more then wo pleyexse
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1iks poley and ermme; lLess chvious bot still with spongh ganelike features
to sake a gamewthvoreldc approach seem fruiifel are ocertain cthor itmations

[ s, }

imwalving essextislly two aomatilars, such as duopoly =nd duspoomy; @ilde
taxy probiemp, bavgaining problems, arnd sae kinds of dusis. The gensvral
dsision prutlss 15 4° find & T:tie mhich prescribes what strategy plaver 1
(and by ansisgy, player 2) should wee in 2ll gamso of the class unier consid-
orzdion. Rafmrg stating any soscific propouals for decigion principles,
we &hall dincuss some penersl considersticns involved in the choice of ons,
The mair {eatwre ugtjpgxdshi:g aes in which one o mors oF
plarer 1%z conomenta are rational. fron thoss in vhich nome is5, iz that ¢i=
rational opponenis will sttempt to antioipste player 1lts strategy in ardes
%o rrofit b thip anticipation., Playur 1 will, of course; try to anticipats
the oppanenis® chaicss aleso, and in doing this s must take into accound
thair estimaten of hin, This reagoning may gseom Lo campiicate the gamg betzmen
rational pliyers to the point whers thie probles bocames wmansgeablat hows
over, thure is one inplifyine assuwption wo csn maks which «ffurds uw &
cortain smowmt, of guidance in sesking a ratianal. desision principle, We
wey asyune thmb i thare 18 a rational way for playor 1 to play s gumd,
it 42 the rationzi desigion prossawe £o hin cpporents s well, I theve
iz <nly one ravicaal vay to play then, for & given gand, each pilayws wiil
o what strategy the oppomsnt will uss, awdl cheose his to zmuls ths mosd
of it, %o may then require that even I plager 1 lmows that Wis opansnte
will play aecvarding to ths 3ams decimion ruie (hah i Use6, ke wiillhave |
no reasan to changs Ids oun girategy. o formaiize thiz asgumpilon, lat
S and 3, ba the stravepy sprces lur]:xiiﬁ"f....,.i ang 2, a.-.;:iiw..l::ﬁ%t'e

ihoir respoctive payall functiona. Supposn that undsT a contamplsted deodsicn

£ e TS
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e, ployer 1 shounld m__Lagmr.ﬁwgymgguz;nmm

T payoff to player 1 uxier isaee clroo»-

nese 4= M. f ). We gzhould liks te YOCUIre Thet, oven il pleiss

&
== i S Lo

Py
shonld know %n 2dvaoss that player 2 wili chooss #&y, he ¥ill still bave no

rsegon not W3 chooss 8o Bowaver, AC ihsre 15 st simategy, .. for playse

1 sz that
Hikas,) » M {28,
4 A r'4 F-S 'y -

than,,p’l.wlshocﬂ.ﬁc!;:rlg;m.fert@t-t_sgﬁ:'_!haknmphﬁerzgin
SuSoeE Ggo T Tharsfare, ws should expect owr decision preceduxw &2 b zush

that forr 21l straiegies, ’.519 ioF pilayex ig

ars by smelogimy vessoning, for all stratagias, t, for player 2
Mls & Y S W :
Ry etse ,(8y53,)

A pair of strutegies, m. and 8,5 satisfying the twd foreguing conaiiicnie;
are callsd equilibriwm sizutogies. Each of a peir of equilibrium stratsgiss

has the properiy that it 1= the benst sirategy to use if the cpponent chooees
the other, We should like our desision procedarv to have the propertly that

4¢ both plavers fallow it; they ¢3il aiwer? COMO® up Wild pairs & equilibrioe
strategles..

In gsnarai, vwe may say thet the condition that a proposed decision
peovsdure aluwys give equilidrizmu stralogiss in itne cless of gewes o whisn
4t fe applded 40 o rispsary condiflon far Lts sdequacy, bet is nol saffi-
cdant. The class of bwoupargen gmses betwsen ratlesal players may be roken

5 Zoallonne coxow in wifdch thava s nn nndr of

§
&
g
£
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stretsgier; and gemes in which there are W & movs pedve of equilidrinm
ptretgiiep. PFor gex:z of the jirst kind, it seams ‘here iz ro rationel
=ntdin t0 the cecdsicn preblem a= 4t hag been stated, :dthough we shall
f£ivd that 1f the class of admissible decisdan procedurss is enlarges,

scae of theee games with mo scuiiideiva giraiegies will prove to have
solntiunge As an oxewples of a game with ne equilikziua strategies. wonsider
the gzaw is =hich the ¢(wo players have tad strategies eash, 8 asd ¥ for
player 1 and x sud ¥ fer pleyer 2, and their psyoff functions are ehvin o

ths F<1lodng tabies

()
o
N
i
¥
>

playere 1's

stratagies —_

Tern myghers 159 given abt ezch pisce in this §adls, tha firsd indieating to2
payefe to plaer 1 ansd e sscond BBing the payoff Lo playwr 2 for the
corrasponding stretegios by the itwo players, For example, My (8ex) = O ond
My(s;x) = 2, siuce 0f2 is the entry in the tabls for strategy s by player
1l and = by plavar 2o

The rsa0or can sasiiy cuGvinss himssil YWy soomivding ¢ha ahla
that there is no pair of pirutegies for the players such thet ecuch is the
best to 0S¥ againet the ilter strategy of the pair. In thisx game it gpsarn
that there i= no wingis d&cisicn Tule whieh ia rational for Hoih plsysrs ©s
follow. fer ii there ware, both players wovld knewr it and tws be smkled
to wrdlcipate the otheris strategy in ordst to choose whelr own bret STwategy.
in caFs szs 35 suot one emdilibrivm nodr in the gaith, WisHd &9

the only stretegies wich avs oligihls 40 Do sonsidored eo rablcmal slliuw.oos
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%0 the degizion problew. Hougver, even then, the equiiibrimm pair moy ot
b intuitively acosptsble as a sclution, Consider the game im whivh playur

1 his two sirategiss, = and & sndpiayer 2 has Wirse strztegies. = v. and 3,

and o= payoffs sre représecisd ino the follewing table:

playwr 2%s strygtegiss

pisyer 1ie & y 5
sratsgics s o/o 3/<2 0/~
t <A/=L 2/i 3/¢
In this game the strategies s and x exre the only equilidrim strategles, as

the readsy emn verify by checking each of six possible pairs in the tabis.
Howaver, 1% would ssem that for mzay reagsons the pair ¢ end y woeuld be
prefarsdle, =inss both pleyers actually receive more from thess two than
they do f¥em tio pair g.x. However, ¥ is not a “safu" strategy fr layer 2,
sines playar 1 would heve an incantirts nul WO euooes ¢ if ka lmev player 2
would choo83 7. The equilidriuz stratspine are the only “eafe® stemberiesn,
since the plagsrs know that the oppomant, aven if he kncws what ths first
player's swslegy =31l be; ham no incentive %0 change. Howver, wmihsr wo

wvish to sccept the enilitrium stzatacies an acluilics 24n guass i ¢
17 - = ks

cié pair of them ic & matier which may i@ qrmestioned., If we choose t5 veject
the equilibriv= siTategiss as solutiomne; ¢hon wa maet say. as with the zames
with oo oquilitrion strategice, that 4w decdedon prodlsa has av salaticen
Tor thase wiiede

Bor gamos in whieh thare is more than e padr of equilibricz

stratevicd, ohs dsclsien prodlem 3o svew more oonfused, For such gamee tho

¥ 4:3}--45
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players cannot b =S t2st the pirategy they pick is 8 member of
oquilibeium pair that the opponsnt's stratsgy is.

-l o

ConEiour UM LCLAOWLnE gemvs

player 1fs . -z _

e s S am st £ @0

cmuww

t a-ll_,? -y oy -

the pairs f.x and .7 2% Loth equilibrium pairs. It would sesm that

§§

war 1 hould prefur to chocse tos pair s,x and pl=yar 2 ghexld profes
t,y since playsyr 1 gets more iz the first and player 2 gelc awre in the
second, Howsvur. if nlaver 1 follows hMe ineldaalion and ohodses o;

and player 2 chooses ¥, they wiil bein €id Gp vwith <10, yhich i2 meoh w39
for both than eitlics & the equilidwiom pelre.

I is peasibis G trest sae gapes 3= whish thars ie more than o
eqilivrima p357 as if they hod only oane equidibrium pair. These are pimes
mutﬁﬁh.fn,sazandtl temaquﬂ%‘u_pum, tuma, uzsm.xz,“ﬁ&r-.
alad equilidrixm pairs, For thess games it is eagy to sghow that tk: pevoffs
fwom 13 ¢hs squilibiime pairs are the sawat

a

Wy B) = Wiss b)) = B lu: &) =HKg, B
t) = Kty m) = N0t &)

In this case, 1t mebes no differsncy 40 the outcmic wich of tha possihla
first nembers of tiw aquilibriun peirs rlagoy 1 chonses, and which of the

—

4
{2 o s - - 4 Bt i o gy —o e o 3 3
L senond wmnhbars PLRyOI © cnooums, Siics WS pair o«f shoosn strotepzise matd

21g0 be an equilib»ivm pair. amd the payoffs from this pair are Ww sass

% ‘ ..p.l"“%:'.’-”‘ mk—-
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az izom any other equilibrium palir.

We have stited the dscdmicn problem = asking for & rale whieh
wi3is piager 1 which siTstegy 4o shonae in 2ll the zames of & csrtain vlass,
We have found that for many of the (wo-psrson gasss which W have bein coa-
siderine therye sppeasxw to b no rational salution to the decdision prdulem
24ther decatise thexs is no pair of equilibyim sirategics, or because 4 bere
are too rery such pasrs, It is posgible to rophrase the decision problem
someunet 30 e to eniarge ihc class of admissicle decision procedures.

Raty yr than asking for 2 decisglon ruls which welle pilgyer 1 useguivoemlly
whdst strategy o 2uuccs in any given gsms we muy ask instead far & dsaision
rule which tells plsgur 1 to fallow aame precsdwre wWdeh will in twen tald)
hMr vhat stratsgy t0 choome, We seall nob soiisdiiesr adl suech provedures,
but confine mr sitenvion to o sppaiad wpe called Frendamised® procadursa.
or mixed strzisgiee, 4 zlxed siratogy may te scgurded as a procedurs,
dnvolring the use o rendom devices; uwboes subcore veiis plsyer 1 whieh
moe strategy 0 ucs. dsnss, a desixien mulc Thich divects playes 1 %o
fallemw o oerivain nixpd strategy in a gams deoc net tell ke unequivosally
whieh pure atrsteogy €0 follim, butl disrecta bim to use & certalin r=adia
procsdore, the culeass of which doss tell hin hich pure atratagy to ues,

s

Of cournd; our concentration o wizist siravsgiss Lo rot acsidentel,
We have goen that ths payeff functions may be sxiendad v incind® mixmsd
sirwiegicn, haans toot the mixed atrategiusg wmey De regardss Zn turn oy pure
Blzaiegice in a zame wWesw My dlls ais given Of the extanded payoff fonm
tdons, Thersfors, nll the couslideratiops rslatisg 4o equwilibriwz stentegiss
and raticnal decision principies a&pply divectly e these sxisnded games.
The imporiant point 53 that s pemes which have no squilibeiun poirs in

ey | P |

e mass of pure gtrotegies nave such paiss in Wk sxiendsd game of mimd
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straisgiss, In these panes; the mixed strmicgies scactituting the eqaili-
briws pair in 11w extendsd zsme may be considersd a2 eligible caudidates
for soiniions tc the decision prohlem for the original gass.

There is cme particdiariy ismportant clzss of games for uhich tho
miwad tsgien alumys contain equilibt®iom peirs, amri il they Sailaii amsvs
than cne sGh padr, these pairs slveyw matiafy the concivion of squivalenss
stated on pags 11, Thsoe ars the so-celled 3QYO-fuUR Crmes. ZerOo-sum gomma
are those in shieh the interests of the playurs ere dismsetrically cppossa
in the senee that what bensfiis one wmuozt hurt the otiwy. This condizlsa
of girict cpposition cen be statsd as fallows: if &, and t; are twe strate-

gien fo pamyss 3, =4 :'é and t_z srs e sbrntegies (Or pizyer £, thea

"1(" P "1, zZ M (a,z_a :,2) if 2nd only, if 'ua('a}\,, tl} -3 uz\-ﬂ -2)0
If the above coaditian is satisfied where 830 By tlp and *’2 are arvliziry
aixed StEeisgios for 2 given o=ma. then At i3 easgy o show that it is
passibic to choor= a'izihle ntdlite funetions fo the playesrs and assaciated
payoff functions, I.*..J’ aod H::" sueh that for 211 stratsgies s for piayer 1
and t far piayer 2,

hende thy term "Reyc sma® for tkess gamos, T4 is wrthehils to note thatl a
gaue mRy mailaiy e coLditlison ¢f atriet oopasotion for it puresstrnteyy
Bpasssy tut ot far ite mimd-elirategy #pesot. The condition of sigiet
aposition impliss thav all paire of equilib=iim strategles «fa gmisw wis

ATH SGUATSASTE An the pemme of page 10U, nowsrsrg Lt does noh by itmell
guaraniee than an oGquilibriwm pedr exists. 17 e sicice oppdaiilon cooriss
avsr o the mixmd chiadesy sonoes of a gam (oo weil) -~ 4n othar words, if
the gars 15 seiv-oms - hen thers crlmte at Least om® poir & cquiliim-imes
wirategiss in the gpacos of mixwd stuwmiwgdes, “ouilibrsium peirs off ximsd-

surategion in wero-s games 2re oxlind miniuor shratapdes.
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ihore is veiy gocd rezmon t0 acnapt the mivimax strstegiez in
sarc-suR gaMaes as rational sdluilone Lo the Gacision pravles for thoas
gumes., As ws hive noted, a xir of minimax strategies for piayers 2 und
£ have the property of being equilibriam stwslagles; 1.2: 2uoh iz best @
u=s ogainat the othexr, 80 that 8 ployws wWirl have ne seawson Lo change his
siratsgy oven AL hs flvig out what stretugy tin oppomnt ds using; or the
opponent finds cut what stravegy bes is using, o both find out vhet the
cther is using, Furthermore, there is nc possibiliiy in the sarc-am gaes
that thers are other pairs cf atratqgies wdch giss both plagyers more, as
in the sxmels on pege 9, dince any shift which bemefits cne playsr must
Lest She otioar. Finalle. in eortain classes & gamis, in which the entioml
mode of play secmg very olsar (such as ehackerz, chsss; ticwtagetos), the
mimmex strategr crincides precissly with thsse raticngl redes of plays
The minizar principle (i.3. ths principis that players should
play acoarding to the minimax stxaiwegies) iabkes an intvitiTely asospia=
ble salution to thu decisiaon problem for sero-gun gamu. It San be oxbended
to cover the slightly larger oless of gamesw whuich saiizfly the condiidon of
stirict cpposition over the spocs of pure=stvabsgice; oven thach not over
ths apace of mixed strrtegiss. In this cmss. 1f the gave his an equildibrica
priry 1t ir eguivalant to all. ctbar equilileiwm peirs,; and furaishes an
intuitively acosptabls solution, Exsept for these =ralively rostristed
classes of gares, however, there are no penaraily accepted decision princi-~

[, R
Daos

(43

We may mantion hare two throries which axe meant 4¢c deal with acss
of the non wiEd-sum gonen, One i2 Baghlp thewey of bargainming ycaimus,,l

wdch 220 by rapgevdad a two-psTEGD emos, and the other is Rediffa’s Lheusy
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Befors lasving the Hro-neraon gams bebtween rational plgyers we
retven t6 & moint raised orevicusly (pages S and 79) about the impossibil-
ity of ireating the sizategy spacen themselves as outcams over vwhich Eernoullian
Utilitiss can be defined. It is clear that Bernoullien Ttilitiesn cannot
reflest rationsl prefzrencss for purs and mixed sirategies in sero-sum games,
for it often happens that it is rationel to chodse a mixed strategy, but not
71

randomizstion..

rational to cheose any of trs pure stiutegles of which 1t Xe

Thia wiolates axiom a.ly, {page L9), bence indicates that thes justification
given for axicm A.l (see pags 50) is not valid 1 wis cuses 4ol vlaiss hal
3¢ x ard v are two outcames such that x preferred to ¥, and <« x; (1) >

i5 a randoz cordination of x snd ¥y, then x iz proforrod to < x,{I~) 7D
sid <u x,{i) ¥> iz peoferred to y. The jJustification of the first part
af this is that the firel ocuteoms of {« ¥, (1) 1P I3 either = ar y. and since
x is preferred ~ ar ~ ind' "fercat to x, and is praefered to y, then It should

be preferred to the rando. combination, Thiz Justification rests on the gtill

more “mdamxurbal assimplicn that the actual actoaf randomization does net affeet
the outccay which £inelly results: i.e., that it mskes no difference to the per-
son Whcss preferoasss ue =re considering wheithey he simply recelves ocutcome x
directly, or as u vesult of taking the risk sombination <t X,(1-«) yXHovever, it
dons mslks a difference in a gam» vhather pimymr 1 uces strategy s cutripnt or as
& Tesult of followine some mixad strategy, say << g£,(l-<} t2 One indication of
this differenct iiea in the d¢ifference in the concept of equilibrium strategy as

applied Lo pure aud mixed strategles. A pair of sirateglos 15 in cquilibrlwx 3

ngdthar plager woold have avy incentive o change 1f he knew the other's stravegy
1. Raiffo, Heward [27]
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ar the othexr kmew hlise 1If the plsyers swve uging mizsd strategiss, it ie
impossible for eithss player to ¥nss in acvanss what his or his cpponint's
pors strategy will be. Yonee the definitiun of equiiibrium strategiss is
different for mixed straisgics. I wuld be extremely difficuli %o trass
thrvagh the sexact consequence of this change in mouning to ehow why there
are aquilidbrium mixed strategies in cames in wikich thers are no equilibrimm
pure strategiss, and why a mixsd strategy may be preferred to all the puare
strategles of s&idch 4t is oompounded, snd we will not attempt it here, It
is safficient to point cut the significencs of ramimdseiion for U4e equili-
briva concept; and the consequence that randozization of iteslf affects the

SAtsoAR e 2o cddak 4O Sa E":‘,i

30502 Stautegins im aperson gaees, all players ratdemal
The noelon of syuilibrinz =zirstegies carries over very maturally

to s n~percon gamss strategiexn 8yzoconBy forr players lyocoo.nt are oguilibyiva
strategiss 1f each strategy: 83; 1 © lyocosn 58 the best strutegy for plagyer i
o use, gziver that ths remaindsr of the pleye:rs uiil all choose the other
sirateging of the set;, JYm thecry, any rationsl colution to the degimien
proebla= ghonld te one snch that the siretegies chosen by ihe plsysre of any
particular game conruitate an equilibriun ot Actually, forr alves® &dd
nferson zmee, there are rany ssts of equilibeiun strategies, anu themse
ars oot all equivalent; honce e thoory msets the same difficuitsiss encoun~
terad in ths Lwo-parmon geme wild squiiibriom pairs whish s not equivalsmd,
Von Heumanm hos devzioped & LRSOXY S& Repustwl jMese wi.ou SCponiis
or reducing i-persan gameg $o two-person gmeng by asaund o7 thal (e players
form themeelves into coalitions which then bosoma 'swmersplayera’ in a e

2 Tt 1
parsin game, o shail nob considor Lhis theady in deail,” Uit chall

= e e

2. 508 Liumms, Le oo Suevey of Uazas, Par I = nePorson Qamin, TR K0.5
Lot}

S i1
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9 @ an asswption weds in the theoy which has interesting Liglications in
the foundations of utility. The games for which the von bumann thasry is
dagdgned are all assumed to be mexc-sum in s gonsrel sense. that 1s, 1t is
asgunad that it is pos=zible to pick sligibie utility iunctions for the
plsyers, with corresponding payoff functioae, -ngooogﬁnp such that o =g

ohadss aof stretecias, #); Bojoeesd

z‘p

A swoond assumption on shich the thaory depemxis is thet in sone way it is

f
!
3
]

&
i
J

possilie for players within s coeiition o malke "transfers™ of utili
one mothar ao Ui the payoflf to the coaliition resulildng frouw & glven chalze
of cueliticn stretegy may be distridbuted in an arbitrary way anong ths mam-
barse The foregoing assumptica i often lsbeled tho ‘wasumption ¢f tranafere-
. bllity' of utility; and is a basis foo many attacks on the ampiricai applica~
bility of von Neumami'a neperson gase wwaEy, Stated as an assumption of
‘transferability!, ol course, this assumpdion is false on logical zrouid
alons, sincs the w1d ‘transfer! applies tc physical cbjects, not to the
musbers widah ars ths valuoe of the utility foncétia, Uswewer, the coswmpe
tion can ts restated la sspiricaliy meanipgful terms in such a wy as Lo

meat the requiremants of von Newsann's theary. What is neonssary is that

there be cete vhish players san parform which result in uidlity changes to
the playerw tul for which the swas of their utilities bafore and aftsyr the
oot ava 4w sate, 70 take a8 concrets exanopls, the pet in quesiicn: mav pe
2o the fvwt nigvwr f0 hand the seaond & dddier bidil, Ify; in ine sauds of

nvilities in which the gamets poyeflfa zre belng camputed, the change of

utility to¢ the player who receives ine dollar is the negative of the change

BRI S R 5 e m e

)
of vty to the playwr who vives the dollar {in cther words, the suny ol
5
£
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their utilitiss before and after are ths szae), then the act of handing the
doilar b3 perfciss the type of fumation shiech 13 required by thes von Hewwmn
theory.

The von Newmann theory does ot throw muchk light on the deaisicn
problen as we have 32d ito It does, howsvar, imply two principlos of
behavior (eithsr descriptive or rationnl, dzpending cn the vaslic intsxpota=
tion of the theary). Toey stats whish coalitions can farm, and how the
paymente will finsily be distributed ameng the mewmders of the coaliiitne
Thass, of course, rect on the two assumptions menitiocnsd above, and o the
assumption that the utility 'transfers’ demanded by the theory will actuvaliy
Vo mxdse i1n & wads 53mSs; 211 thase gemmmitionz cane under the hsading of
decigioa thaory, Just as all voluaiary behavior falls inko this categoaryi
hcwsver, the discussion of thsese ags=piions 48 too largs a tepde, and wuld

take us too far afiald t¢ 2 included haxeo

305:3 Stetisticsl Osmeo

Wo shall not sttempt in this soection to discucs all < even a.
iargs perwentags of the various dscision principles which have been advansed
for atatistiesl gamag, i our nrevicus discussions, the cheize of a desdsdon
rule depanded o suxs agsumption aboul whel stratogy the oppesing plgyer would
foillow., Howavayr; in the statigtiecal gzame, ss5 in the crdinary docision under
unesrteinty, we sxprossly sssieme that the person making the decision has aothing
to guide hin in gussedng xbai strategy his Gpanent (meive) will fallowe
The statistieian sy chovee 2 final achidn aflsr gathering statistical infore
maticn =2 o “he stale of nsture. mach giner his sirategy is a statdisticsi
dacision praw:::’nm;l e must choose thle vafoie he aver gaivbers hiz infame-

tion, Tersfors i%s oteidstiec) deedmion proolsm mey he regarded as a gpesisi

e
|
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case of the desision problem nnder uncsrtainty,; and we shall not expest what
sonsidzrations as to the actual state of moture will play any part in the
chaioce of a deeision procedure for statintical gemes.

Many desinion principles are used i» practiosj taere is, however,
ome condiiion to whish it is natural ©o require thst 01 <f them conform.
This is the sondition that they always select adunissidble strategiss in the
gomes Lo which they are spplied. An adalsaiviec sivatsgy. sy 1w one meh
that thars u. e Sther sirategy, ssy %, vhich gives player 1 a payoff as

igh ar highsr no matise what stratezy Ma opponeat picks. An isndmissible
strategy then, is s siruiegy for piayer 1 sueh that there is anvihor strabegy
for player 1 waid: siwne hia 2 better peyeff (or st least as geod a payoff)
nc matter whet sireat6gy Nz oppushy Gucisst, It 18 inkiiiivaly cleaxr that
player 1 should never play according ¢< an inadmissible strategy, and hera:
thai he phould comsider only those: decision procsdures which ccnstitute
admisgible strateglies,

(e decdzion principle thot is cammonly ussd is a Bayea Prinsiple.
Suppoee that D is t'w cluay of decision functions (i.e0. sirastagiss foxr
idaysr 1} for o given statistical game. Z is the sampie snace for this Jams,

L1 18 the wsb of probenility dsicibubions sver 7 correzponding to the
pozaihle states of Nature {i.e. {L iz the strategy spuce for Nature), and
M is the pagyoff function for pisyer 1, Flayer 1 may assurwr that Hature
plcks a strateyy according to some randan plan or prcbabiliily distribuition,
'§ » ANG undey thasa circumstances it is possible to define a utility for

sach of thes meision functlaus 1a 0 wnd ocive the dogimian provism Ty choase
P

ing the: function with ‘i highesl uiillity.t The utildty of a doedst ou Jume~
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fungtion, d, 1 Notuwrs uses randam strategy 5’ is

n .
zuld i}y (W),
WelL

and it ia only mecssssry to chocss d go that the above sxpraaeicd iz
maximizes, Sueh a deeision prossdrw 42 celled a Bayes procedurs. LU can
be shown that any strategy salected Ly & Bayes principlee is admissibie.

It should te notsd that there is no one Bayes procedurs, sime Uhe
distribatian fanotion, § » Will be chosen; presumsbly, according to conside
erations relating to the particular game in nuestion, Indsed; tha decision
problem for siatistical zames could ba reparased to na.s what 12 a rationel

samemtim 0 moke about the distribunion fuwiieon }

e cadt AV el

A darimion prineciple which doss™solve™ the GBCLELVE Prudis wasecue

refarenoes to any arbitrary factiors mat as the distribntion function assupod
by the Bsyes, 1s the Mimimax principle.t Famally stated, the Hinimew prine

ciple says to chioose 4 such that

Min M(d, W)
We N

12 a Maeimm: 1.6, to ctocee d so that the worat possible catocae to player

1 from any choioes W, by Hatwwe is o maaimms Thig is actuslly the same
prinasinsis a5 ¢he Miminae: prineipie for the zerc-aim tuo-porson gamss, Lim
diffsrencs being that &3 applied to statistieml pames, it doez not have the
same justificativii a8 it doss for the zero.smn games, In the serc-omn games
batween two rational players there iz good reason 140 bellews that ths oppan~
eut will chooss his strategy 80 as o hurt hig oppooent the most,; but thare

iz o mason 46 bslisve ihet 1 act in this wvay. Tho Hinimax prioe

ve wil
ciple uay be ealled conseriiiive; sines 1% picks a strelegy which mimiuizes

ihe possivls lose to plaver 1, At the cthur end of tho seale, it wouwld be

1o THIS MY D8 repgzcied ae & opoaadl 232t of ths Minimew saolntion defined

for zerec=onmn itwo-permzon panem.
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pmwmammmmwammgmwg vhish maxf{-
vdved ths possxible gain to pleyer J. iu betusen the exivemsly opiimisids
and e xtrwmsiy pessimistis orincdpiss are a varieiy of others such ag tlm

All ©w above principles can be stowm $o pick admiaxibla strategics,

LN Sy . : S G e
and (GoTe Soems ve o2 AATL

A3l ihsss prinedsles hove hean annlied in practice and it is probably feas

s say thot which one im spniiad in & partiovler insieonee is a matter of

thy statistisian’s tasis.
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& h. Deicriptive Applications of Barmguilian Uidlity thacry

decisian woh)m in gomaral, In oz discussion there, ws sxsmand that Gl
bo various dssisfion theovies baged on it, were ihoories &€
rationelity « that they providsd mrinciples which were in same seuse s
beri to fdllow in galnine the cbiectives whicss vslues are zivan Ly the util=
ity functdione That discvssicn, including the differert dafinitions of
dseision prinei-lan, 2an te cerried over amd appilied to utility deoisian
themy a3 thearies of sactual behaviar, In fact, the desoriptive applica-
ticns of Barnoulliac ulilitics are 40 just those areas which correspund v

£ Yol R e rmwmird D
Lb .*——‘

ths theomioo of raticnslity described in saction 33 ise. Lo dsclasicn-

behavior, Unforinm tely, TNo aspuwapuice we mecoors, o° the dasisicr-raker,

Imow what all the vossible strategiee are, and what the corresponding peyeff
funciions are, and are sble, in the cass of gale theoiry, io cnlculate e
minimax solution, is all btut falal te any descriptive intsrpretation of
these dsoision theorios in situaticn of evon modersie camlexitye Thsre—
fore, we mhal® £ind thet al) the empirfogl applications of utiiity thecey
hiave been made in oxtramely =imple (sanetimes in artifically schomatised)
givmaiions..
Sc far, the main emnirical sppidcstiany have beea made 3o Ltome

tiona in whieh the actunl paymonts sb Lis sutsce vere i nomsy, and wbsre,
as a congoqusncs; the anly utilitdes invalved are for amowtts of monsye In

e el

ths next two suheectlons we discass HwWo &ueh ajplicatians,

Laem X8 L

We shall scs that the atismpt o ~: oly Hernoullisn uvilitliss pradichs

iveiy Lrings up poooisas v sacsh thern 3o no conntarnart dn the intsmpreta-

)

tion of uliliyy as a theary of rationality. To menticn ome of these prculzms,

@

it 1s meossssry Lo assummy AL oRility theory is o be used predictively.,
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that cidlitdesa remain constant over time, or that if thsy de not raRain som-

stant, then it ia meeessary to know the lame goverming the way thay chaogec

In cur discussion of the basic interprwtsticn of utilities {(See, 2,2), no

sush asmmption wesmads; and 12 facl, we hsve noted somes asans iy utdle
We ohsll Ai=smaas

ities should not bec applied to sequancos of dogisiens, We ahall nas

soms of these problems in sections Lo3o

1.1 Hypotheoss Expladning Gambling, and Ipmm-ﬁm}

In rocent papers, Frisdman and Sevagn® have advanced a hypothesis,
baged Gu n Somomd FTaw of dhs uidilidivy fonctlon of mokey, sttempiing to
sxplain @y people my gamble, or biy insurance, or do bota, Subsequaniiy
Mericowita® advanced & medification of tids thecry, meeting esrtain diffieul-
tiss inherenmt in the ciiginal theory. We shall discuss thase theories ia
this seotion.

The centrul fasd ¢f & smmewhat paradoxics) naturs in both gambling

@ o housa Jeutf), and buying insurance is

P L

(at least in coems wusss thars

>

that ihs axpested valus of the money retwn in both these instaness ie

negative, This appoars paradexical fram tiw point, of view of classisal
thecrries of gambling, widch assumes thet parscens should teke that action
for whish tho eypected value of the noney rotwen is the greatest. Cieaxly,;
the individual tho geibles or buys insuransu gould choose 2 acurzy whieh hes

a higher expeciaiisa of newsy sotwrm, by olmiy not gembling, or pov gamiiiog

1o It will Logome spparent in what follaws that thi
insuwansa in which the buyer and ihe benaficisry a

for exwEis, to 1ife insurance.

s theary appliss only ¢o
re tha cunse pergon, not,

2o rrivaman anl Savegs [2]

3, Markewite [4]




the irsourance. In modaym theories of desigion under risk, the poric: is

g supnomed vo ohoose that alternative vhich has the highest sxpeoted ntility
catoamo, henoe there is no soniradiction with murent ntility tiswy in

the fast that a perscn msy not act to maximise expegted monay, cad ore way
attempt, as Friedman and Savage and Markowite o, to esplain gambling and
inzwrancs buying by assuming that the utility funciion for monny has & csrtain
foom,

LAAM a
L

Before prooseding to their thvories, 16T us mous sl b4

}

!

that people do not play to maximis® money. and that in some insisnces it
seems utterly irratiunsl to play this way, was ncted in the 18th century
in zonnsstion with the Si. Patarsburg paradox, which lsd Danisl Bernoulli
roposs the first ‘PBernoullian® utility acals, The S5t., Petershwg

8§
)

parudox cussIng o gm=me whieh is played in the following way. ihe ‘house!

(]

silowe the player to teoss & feir oo a5 many iincsz o naoszsary okl 4t
£alls heads, thexn tho house pays the player 2 dollars. The questiecm iy
how mmch should the honns charge tho player o psy for the right to play
this guma? If the houss is intercasied in making esura that its own expected
monay redurn is poadtive; wen it ghould cliarge an smount slightly in exceas
cf ths expssted value of ths money to the playsr froam plgying the gams,.

Converyelr, 1f the pliyer is ioterestsd in maxiwleing ths expsctad value of

nonsy return, he shovld be williag to pey any amount less than ths expecied

valne of the momsy rebuirn Sras the game Por tiis privilsge of playling it.

Howevar, i% ig easy 0 ghow that the expectsd valus of money from thiz geee
i= infinite; hewee the piayer cheuld bo willdsxg U0 jay any amocunt of money

RSTTRAY W S T PN TR W0

for tra privilege of playing it, Bub to nost people, &van one thousand

E
SQ doliarg would ta %oo high o pricc i¢ »oy: e chapne Oof oven goiiins bask
5’ the smount Us% would be jushb one in 4wo thoupand, Several ingemais soloe
i @ I o S
? tlons waea riiven & Lioa paradowr, mopt of then saving 8 pranddpic ihat tie
f
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o
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eg playse chould 2ct $o moximise hia zimey sgsetaticij however, Denisl
Beraculli's solution took tim rovolutionery tack of repudisting that
principle, and propesed inatead that players (o indssd ailtamyt to
maxinize a yalue, bt that valun is not proporiionsi to mcoey. Bernotlli
sdlvsd the paradox Ly assuming ‘hat the valus i3 proportional to iis
logaritim, from which it follows that that value of the game is exactly
foxr ddlers.

Even with Peruculli'e assumption, it 1z possible to modify the
gams in such & way that its expected value (or utility, in =odern terms)
in infirdie: 1.8c if the house psys nat 2¥ but 2 2" dallars to the player
if ha tossss the 20in n times btexore it falls heads, ikc valus is then
pronartional o 25, zud the expecisd Valus Ad infindte. Tn gemsral, if
the utility of uoney cau be arbitrarily lwrge, then it is possinis oo

E dafing & vardiernt of ¢the St. Peataxsburg gete for whick ths czpoctsd velas:
is Infirdts, and for uhich, thersfore. the pisyer should e willing to
pay any a=sest to play. Since it seens unreasenzshle to Ve willing 6 pay
sn arbitrarily larpe amonnt €0 play any game; it con be argued that 4f
ths «tility of monay can be dafined consisiently at all, then it must be

boundad above: 1.6, A€ v ie the utility Juaction, and u(x) is the utility

{
5 _ .
E 22 = Adllave. thare mei De guiss mxwber, say k, such that for all x, u(x) < k.
é if the function u is ploi.ted
g graphicaily; with x [tk u(x)
g smovnt of norwy) on the — e ok
E horigortal axts, and u(x) }/’
0 v
B ou tie vertical axis, the Vi
< oL p-rg
k’ abovas arcutsst imolies c/
E @ g /
% tast thare 13 a lins above /!
der wiish the cirve doee nob
~ ). Figure 1.
“’%mi«nm@




'E%ﬁﬂ!ﬂ’dll!l’l‘ ﬂmﬁ!’tlmi!ﬂm-rmm‘_;n- i e e

E oot

DI LA SRS O AN TN i LBt s e B

«liBe

The thecrins of Friedman and Savage and Farkouits can be intarpreted as

Sivirg ciur argamenys 1ike vha above as to why the ukility ve. monky

carve she:ld hiwe oartain ;ropertios.
The first phonomenon which Friadmen and Savage attaupt 40 expiain
is gsmblirg., They ta» &s & typlcal case gezdies in which theve is & Mairly

el probebility af winning a large smount, and o lerge nrobability of loa-
Siet: machines. roulette, and lotteriss are smong this

ing a oakil ascente
Wwpe of ombis, ALl thase gunes have the featrve thal the mathematieal
srpestation of monsy winnings in playing tha: ig negative, and 1s in fast

Fsasured by the thcuss percrntage.’ iwverkmissa, it 1o the sase hat

people pley them, and, even lssviag agide the factor of excdtement of paxe

ol am s el
—— oy 3 of Aha

tivinatdon {which we ruled out of considevation in our discussi:

PR & ¥ Wl
u

&mafut&lfity),womgseekmexpiamﬁmint&moi iy,

A tyical gamble at tis Lype referred o abor: mav be represented
in cuar formalisn ag follows, Let b be the snount the mas beta, lat w be
thas ssount tiw men wing if he wins, let I &3 ke smount of morsy s hes &
present, anG lot p be ths probability of wiming, Then I + w is ths total
amourt ths man wil) hsve after playing if he wing, andi T - b s the toial
ancont 1f he 1loses. He has provablility p of saling up with 1 + w anw
provability 1 - p of ending up with 1 = bg this 35 & rigk outecas, and can
ba repressnted in our notatiwm as: < pll*e), (L-g)"(I-b)D> S Toe utdlity

of this pirospest ir Yast puil+w) + (I=p) = {Ist)s If thse man prefers to

ga=>l2, rather than not gamble angd accent the cartainty of remaining with

the icomu e hes oSH, 1; then it muet be dhat

P Faest i Sfwmoi% .. f N o 4
pe(Idw) v (dep) w (I=8) > wilp

e e e g TS
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Q O tha other hend. we have postviated that the wip22ted money gain fram.
s gamble is nagetive, The sxpecied money ivan g-..n.blznz is just

ofTo) + (L=p){I~b} which we assuss iz lesa than i1
o(T+y) + (=p)(IDH) < X

Tris situatica is represented grephically ip Figure 2. Ia this figure a
straight 1ine has toor droum betwaez ihs poiats morking u(I-b) and u(I+wl,
and the sxpected witility poiat, pu(I+u} + (i=o) u {IL) 45 lccated on the
line directly above the point on the x=axis marking ths espected muneoy value
of the besty p{I+y * (1-p){I~b). The reader can easily convince himself
tha’, in genmexral the expected utility of amy probsbility cambination o W
cxtromas. Teuiand I-D. must 115 on the straight 1ins between the correspaide

ing urility noints, direcily abovs the point on the »eaxis indicating Whe

i expacted money veluon of the prohability cambinstion.

ul x') o A !.‘.(I* w)
% /
: o
1 o -
! "
b (1+ w)+[ 100 M(TLA]
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Tn Flguse 2, the sapectsd utdlity of the bei is shewa to Le greatser tiwn
the utility of not betting, and ti®w expected monay valoe of the bat is
gucun to be lsas than the axymcted monsy valus of not battinz. A persen
who hag & villity curve for vhich the three utiiities u{I=bj), u(il), amd
u({I+u) have viiuss as shown, could bo sxpectac to gamble in ihs situation
dozcribed. and & utiiity curve of wais type could be sald to “explain® the
plenamsnoi in question, If we luck agadn at Figure 2, we note that o

o L.

e il AR o fw\ Voo a%ma o 4 Adoe o e
T ORI sandieaon thay W) be less than e 2 coed gtildt= oo '®
\&J

e =-*“"Uw s o - —
gsmbls is that ths point marked u(I) in the figure lies below the line
connncting the two roints merked u(I=b) and u{I+W), This condition is met

Wy a wtility ouwvie walch ie concave dowmessd in the region waiur cinasidsTa—-

postulate a ocurve shapsd as =)

stiown: in Pigure 3 g8 cu oXx-
planation sf gamdlinc. 1Ia /'

this figure I represcrta / ,

eliiier cwrooal inowe, ox L~
,—/

customary iiwew, The curve

Poihiyniay et 1

Utiles

i3 shoun copcave downsard above

I. and thim accounie ¥

of tls type considered; in Dollays

whieh the possible zeadn i3

indicated, and tie luwogt ons is only a shoxd disiance below i, whoreas tiw

highest vee {I+w), iz much higher than ;.
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The lrpothssia that the atility curve is convex dowmis g in sme
Intecvicl ahore I explseing gawbling, bt doas not preseribe sZal shape ilis
corve ia ta have cuipides thiv regicus Friodsan and Savage nrangse that the
utdlsly curvs iz convex upward in the interval below I (current income) An
ordax $0 ssplain the buying of insurance. Insuwrance buying is typified v
payiang a certain amall amonnt, s&y v, for the sevurity of having amount Jap
{which is the amount left frou iLe wissent incoms after ths iosurance bas
hasn naid for), The insuranos insores tbe mas against & risk of losing =
large amount, if an event with a small probabilityy toles place, or else row
losing arythiig in onss tho event doeszn’t take plecs. Lot ur suppose that
tha man loses d dallarsz if he is uninmired, &l the cvent in quest’ion cocurs,
and thet tha event has prebability p of occurrinze Then ths alisrmative ol
not taking #he iusurasss has the risl ontoame of gotting I-d dallars with
probabilisy p, and geitdng I dollars with probablilty l-p, and the aliernative
of buying the iluzsrarce has the osrtain cutooms of getiing I=p dallars, The
wtility of the risi sltermtive is Just pu(Ied) ¢ {1<p) u (I), and the utiie
ity of +he seeand alternative is just u(i=r). Since buying insurance is
preferred to taking the chanca, ws must haves

pa(I-4) * (1=p) u (T} < w(Ier)

Furthermare;, wa have assumsd What the SZpeciad vaius of Wio momey 4o be

A

< Y - 2 o
gainsd from buylog lasuranes is regative (abt lsast, this scems o ha tha

»

(4]

:

asoumption thot insurance companies cperate undar), ce2

piTed) + (Zmp) I > Ter
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‘B In Figure || ua mpresant this situation, mnd » curve 1a diswn which woxld

-—as

explain the byying of insirancs,

| u(1)
A"
n(I-r )JL.v// ’4{{1(13.(1)4'(1-9 Ja(I)

A\
-

Dsilog
\
\
N

-
-t

ol T M) Yan VT

" -
3 Doilars )

Figure L.

It can be easily shown “hat in order for ths two insqualities abovs to te

satisfied, it is neoessary that the point marked u(ler) iie abovs ithe lime

L]
! joinisg ths points marked a(I-d) and u(i), and it is simplest t: <rsw the
i
d = .
: uwtiiiiy curve ag consave uypwerd in the ssgion in quostien,
In Pigures 3 and i, we have shown that utdlity -urves which are
: concave dommzard to the right of I eypleil pesoling; and curves which are
g concave upward te he lefh of I explein insurance buying: we can combima
#
E these into & gineie curve uwhich explains Loth, iiveavec, bsfore sonstruating
- -
% L the finsl curvs,; it is weil ©o recair the disguszion of tha St. Pstershurg
E paradoz, in which it was argued that the uwtility curve must be Loundad fyom
?n
§
3
£
&
R R o A B T R R R R T R S R s e o s 53 o
sPa el et




el B 0 o o tE SRR

b

n.l ?3 =Y

below, Tha curve reaclting fruz a1l iwese srgoments 15 shown in Figuve 5.
This curve geems to he the

gimplest typs shich is con- ()

s ; o
sistent wWith 31l of tlo ‘ /
facts discussed so far, ; /'
It 1s wortishile —,1,, e =
to pause here and zee if the //%_
cnrve thue dvgwn explalns ‘/ il
eny other wmll.knoun facis /,/ 2 ‘;
!

othar than tha ones which

it wss ariginally conctrusted
t.c explain, Figure 5.

Friedvan and Savage consider chs factors inlivencddng the distribution of

prizes offersd in lotiaries. Tisy nots that 2lacst all Inttarien oifer &

!Z

graded sories of prizes, shariing wath one or two very largs prizss at
top, and working dor:: 0 quite a few rather amall prisss, Thay agssume that

the lotiery vperatars attespt to consiruct the schednle of prizes in such a

way that theilr profit fram ths lottery is a mecdimm svbject o the restruation
that the custamsre 2sgend the tickets as wortn the purchage price. This

whole prohlem can ha translsted iulo utildy terms in vhioh lottery ticknats

rep ant & coteames with risk utilitdss which «rpond on tha prites o
c:fared gnd thm nrobaiilitlesy of wicning thea, and the (otiery amperstox

gseeks L0 aajust the prigss and provabliliiss in such & uay 2t the utllisie ~
of a ticket iz grester than the utility of the purchass price, and at ibe

aeme tits he pem of the emeant of the izes is a minimu: (and hence his

orofit 15 a moximem), Witbout goimg Uhrough ths anslysis here, wo stats

S BAzt 7 AT WY, R Y MY s
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hat tus assusbicn that the niility curve 43 everyuhiere to ths right of I
convex dowsards, inaslsad ast in an imdtial izdorval, as shown in Pigure
S, thon the lottery ticket uperater could mals ihe most monwy by offeriag
jast & singls very lurge prate, catber than by cffaz“f’;:g a omsber of prizss
of varying maounte and varying sicuanilitdee. 'Mergfm, ths fact thab
lottertas o in fzct offer & vericly af peizea argues for the fact that the
utiltity curve does nol coalinu bend uprmrde indsfinitely to the righc

ud
of I, am=} omyn istsod gtavd hending tha obber way again as it moves farthsr

oat.

18 that peopls in gemoral reject

[a 2}
Q
<
st
gl
E.
or
=

Anclher foot cdte
taymmstrical! bets, that is. hets in whiech the amounis Lwi can s 1osb &
won are aboul, the ssme (this is not supposed to extend to very mmsll bets,
in which it can be assumed That ths amount of monsy involved is not impea=
i tant 0 4hs bottors), The fact that tiw curve as drewn in Figuns 5 is
gymnatrical shout the origin providss aa explanaticn of this phsnomenon.
The rezasr can convines hingelf of this by repressiking the smounts to b
won and lost at equal distances on eivher side of I, amd ¢onnscling the
corresponilig utility points by a straight lire, ai wae don2 in Figures 2
aud Lo Bats whiech have a greater than 50% charse of losing wiil have utiliw

ties lring on this 1ine to tiw laft of Lig midpoinit, henece below the x-exis;

which repregsents the »tility of Y. Henee ihess beus wlll Tte rsjectad.
Prisdmen ond Sovege suggest thad the niility curve may in fact be

nore samlex than the one drawn in Figurs 52 that it may icstead heve seversl

‘humps', a8 showm in Figora 6, The curve of Figura $ still explains £11
the facts montiomed so far, and there secus © Tusson 4o prefer ons to the

L

obimiz, Howsver, Mrladman and Savage sugges. that ihese 'steps’ may in fach
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repressnt diecrets levule of a{x)
agspiration fzc the individual;

corresponding t¢o dafinitey, /

ol th /

30¢iAl Ciapses Wioes Wwnolth
4

correspords to tie dffersut K

levels, AL ths top of caen = =

¥=i

hump, thers is a certsin in- i
terval in whigh a large change //,

rn wealth carriss littis !
corresponding change of utility. :

Piedman end Savage ey that t

this may be dus to ths fect

that all the incames ia this

intervsl ars assosistes ulth ons sconamic lass, and thal & chanse in wealth,

ALALBrvELs adv SVOTLLLE

as long ag upe rvailus in the some class. may not be importunt, uhevees a

parson from e 23 to anotiwr (correspond..

[\]
%
iey

cdes i &

ing %o going fram o @ ciep 40 ancther, over i of the steep intervals) nsy

o
2
§

be reguarded as much noye UIpOXLANL,

Before pasying on vo iiw next tcpic lel us briefly note some possi-
vla cbjections to ith. thmeory just presented, First, as az explanaticn of
gaxbling, it leaves cut e very iwportant factor of the ¢xxitement of par-

5 a———

ticipation, In the absonee of any exseh experinantal dats, it would sosm
that mugh of the typs of gambling consgidsred in this ey is of U kind
(Y

in which the amount of monay risked is quite swadli {at least for any one beily

and that the actual value of the noney mey be of compaividtle megmibuds Lo the

%
|}
1]

value of the exciieusny of e e hamivhed ve surmise that the

purchasers of Lottery tintuta do aul do so after schey congideratian of the
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rsiative valuwe of the money bet and the prizes to be won, but act w &
largs extent on imlee, Tc argue thet the smount of morney speat cn gamb-
ling may in total amcant to a siusable portion of the zombler's incums and
honne that 1ts vaiue is 1args Ao comperison ©9 the excitement of garbling is
not to the point, ainoce tie siipulated interprotaticn of wudlily thecry re-
quiTes that it b8 appliad to deoizions made at x partisulex timz. If :t is

Fn s, o

gasumad that utilities refer to average bzhavior, then tie asswiptions by

wnich axiom Aol (ses pags L9) was justifisd are viclated, and it 0o iGigsy

£a31ows that a Bernoulldsn util .ty function exisis. Then, even if e toial :
smount bet over a porichd of tize is large, tiwe eacunt Lot ab ey Ziven time i

hv most pecple ig amall, and i scens likely thab at the time ihe bet vee
nels, e of the chjaf motivanirg factors was the torili o bettingg and our

arguenta for axies £.7 irmly thet thiz mast e & negligibls recswor il Ao
ne

iz %o be wauigiisg, wnd = utility function exists.
In ony eveiiy; the principsl tast which any theory rust face ds

whether or not it = iiveds in prsdicting a lavge varleyr of phencrens, and
empacially pranaren: vhich it was nol origingiiy introduced to explain,
Whethsr the sbdve haodsy wilimaet Lhlas o654 wa cannot agy, but iz criticlemg
sugpgest that £ 1t is o be used with ary precision, the basic interprwtation
w11 have o be more ~leaxrly defined. Iz the mext seciion wo discuss an
exraimsnt degigned to test the thoory, in discussing it we shall see ome

poszible way of givin: the basic concepts precise 'vanings.

Ls2 The Mosteller-iioges Lxperimsnt

b - -
In a recent paper, Mosteller and Nogee* have publishsd lx
mcuits of an oxpeviment on gambling behowior which wes intended as an

empirical tast of tis PriedwneSavage thsory diocussma in Seetion holo

] e o o

1, Yosteller, Froderiecit, and Hegas, Philip [20]

sy



——— e A~ o e e o, — -

Eamen.,

i
""1..* ats

% This esmerimezt eonmimied in rovndng subjects through & zsrdszs of gesblss

wnounts of nousy offexed at virious oddz by the ewporiventer. Ths yame
piayec wis & varicky of pokor dles in which tis cxparimenter rulled a “baud®
o~ 5 dioe and bet & certain suwm, after which the subjects (eagh playing %n
“sarn) had the option Sf boiting Ui and »dlling the diom to try to buat the

sxperimenterts hand. or not betting and paasing the dics to the nexi subjeuie

According teo tim theory of Friscaun and Ssvags, each subjecd

shold pussess 2 Putility of momsy" curve, and auould bei or nol ascording

: as the expeatsd ulliliy of ths bat offersd by thy exverimenter iz greatsr
then or less than the utility of no chamm (i.8. not b:—;ti&.ug,":lo Fa the
purpeses of thies expsriment, the s¢0 polnts of each personis uuiily

2==las wim f8wed at gero cents {1.¢. 2t their state at the tims of U bat),
and the uwait was shogsnr 25 that a Acas of S¢ had g utility of =i, With

these two stipuleitiuis, sach perszonts utility scale is fixad unigusly, ami

B

the vtilitiss of evexy othar g2in or lose rcam be wosswred in ismms of the

1]

utllity of loginy 5¢. According to the Friedman-Savage theory. ones the
2eve point and unlt of measwremant havs been chossn Lo determine the uwiile
Ay of any amount of monsy, say n o6ntg, it is only neocegsary to TLiX gome
prooability p, susa that the subject is indifforent betwsen a bet which offers
a probability p of wiraing n cents and l-p of loging S¢, and the alternative
of nct betting. If u(m) is the utility of n centa, then the utility of 2 bot
which offers a probubility » of winrdns = cante, and lsp of loging G¢ ig
gu(n) + (2=p) u (=5)

o= -y jral, N s b e

A0S, Y A e | TS B £ R T OB S L1 NS 7 NN 5 ORPR 2 [55700 B v

PN

= & X5 1t appears that thore lz ro opevational mesrdng for the notden of #icdif-
g ferance™ in thin juderpsetaiiion of utility theory. Af we shall ses, 2 ex-

4 perimentsd meanings at voin “preferevnce? end "indilference” as tiiis sxzeriment
B is astuslly carried ont arme congidershiy differsnt {rom th: interprets’dons

% glven for thozo terme in Secbe 2:2:

%
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and 1f thin 48 helid as indiiferant, Lo nal Gatidag, hen

gnin} + (I=p) n {=5) = n(0).
wo bave srbltcerily fided the uiility of O¢ at 0 ani utility of losing 5
ag -~} go the :bove oquation reduces +o

0,

i

gi(n) -~ (A=p)

o l=r
u‘ﬁ ; £ ee—
P
Mocteller and Wogse's procodure was to assiygn aelirdte cpsratiomal
swaninga %o the concepis o "prafsrance” and Mindiffurencs® (which will be

Sssaribed belsw)s

then %o dotomsing sme prints on the cures of villity va.
nopsy, uging the fermila given chorg, iaen U0 draw in a rough curve fitting

Ws points platied,

Onee a omvva sms demam 35 <z pC3sible to test the

Tl An-SAVage Wiscry, Y prsssnting the subiacie wiil veaious bty suEee
shat more commlieated then those which furnicbsd the data irem witicn WS

origimal curve wea cuistrucisd, and noting whether thedr behevior in Wl nvw
eitnatione aonfarmad to that predicted from the original curve, Thus, ior
a certain subject. they misht plot several poiats on his uillity va: momsy

curve using thc ehove sguation. Then draw in & rough curve of ztility ss

shown in Mgue 1, Onos thig is dome, tisa
15 i / pmsen®
-
u‘——d/
:LG L1 d ..J/I’
/ d
"/‘
5 & g
r'd
; o
I
W oy o e o e -+ : §
<10 k10 2z 3 B 50 o F
§ Canhia
Figure 1.
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if the Frisdsan-Ssvage hypctheais 1s camrsct, 3t @nould b3 pungible S0
predics what tha subjest ghould de in il zanhling sitvations in which the
swounte o money jumvolved f£211 within the range plotted in the figare,

+ should be noted, of courss, thet he iers fact thet s cuve

cxa be plstted using the &xmila:z

e
2

(wharz p 1s the prcdebilitr ab vwhich tie subiect ls indifferent betzmer

—— Wy =

u( u) o

betting with a prebebility o of winning o cendts ung lup of losing 5% and

Lo bottdng) 18 not evidance wwikding $6 confirm the thsszy., Chwlcesly

thig situation. and putting that into ths abovs lorunia. it is possibls o
ealoulat: n(r) ju 2 mechanical way, Tha 834 o the thuory is whetlsr o
not ths subject chouses eiisrncavaes vhich maxiunize the expscesd valve of
the utilities this ¢alculated, MHosteller and Nogee tried (wo suca wests,
applying the informallca plotted in the origivel uiilliy cuive Lo Wy tw
prudict velavior in ncw situations. The first test wes 1o tpy te predict

the behaviar of subjiz~iz fhiced with "doublet® betsj that ls; Spporbudliss

+o maks o single bet cgadrst two hands at the sans time, whore it 18 possle

ble to win either one of two emounts of moroy, of Loth, o loge 4. Thig

ig a different type of sfituation Hrom that which provided tho data on whieh

the cuxve was based. bab iT ths thoory is curxeci. thon the dats conisirved

in the plotied surve shiould predint +Y dwbjectie bahedlor ip the v oltaa-

¥ . e & A Al o L% - -t
Bnoy wm kew siwiation furndohlo o el o

eituntion io vepressniad formally ag follouws, Lel p. and o, b2 tho proccbils

itien of beating the fivst «ad sccord hawds respocvively (sszsvnc Slild e

{3rs% hant i8 nigher thon the sseond, hanre the prohabillty of beailng 1%

g ¥

o

cn Teatmui .
Se s by, Tha doublsih

%

§
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Lo momllass py % 2’) and thet @y and p, ave Lin owounta 20 be won by beate
ang hawdis 2 ard 2 vespectivelj. Tre probebility of bealing both the igker
snd lowss handsa and =ining n, + n, cents le Pys the probability of bealang
the #econd nangd Lut not tbs first band wid vimnding smy ny AT 15 pa ~ Py
aud the prebability of not beating oid.ther au looing 52 is 1=«92., Hence, the
utility of the doublel bei in

pulng* n,) + (py= pylulny) + (1-pyiul~5).

u(nf n2),, n(nz) and u{«5) sre #ll plested oo whe utility curve, hmis e
tilitr of this bet waz be calcuisied, erd if ine theory is correct, ths
mubject should take whe bet 1f this utdlity iz grsater than 0. he indifferent

if the vtility equwels O, snd seject 1f the uBilify 2= lsse fhun

-
57 O

. pecond tost of the thacry ig afferdad by "pulrsd-somparisont
situstions, Ths prineipis 4des 12 that tha mhjact 43 forced to choose

bLatwsen ons of twe haudge cond moasy bets to bes againgi, Uning the vill
curve, the ulilityr of e2sh of the two beis offared by ths arparimsntes

can bi calowlsated, oiit if dhe (heory im cocrech, the subject should chuvose
that oet with the higocubt wtildty. %o describe this situsidon gcmally;
suppose that the fivst bet offered by whe axperimsnter is an amvush B W@k
hond weich hus probeliiAty 24 off balsz beaten, and the szeomi bet is L, on

8 hand whieh hag pooo-LllAty 5% of boing beaten. If the subject Lets agaiast

either hand, ho mund weger 54, beacs the wiilivy of ths first bet s

pynlny) + (Lpy) u (-5,
and ths utility of e seconl is

anln,) ¢ (Qepy) w (5).
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ALl thee i ioitdes wre plotted on the curwe alrewdy conatructed 30 it ie

0603515 o caloulate she vtilities ¢ thesa heis, and ses whether s

S

sibjact dovs in faot choore that nith the highsst utility,
The achasl operational proscadure for determining (e pointe <o the

e et s ARD K P RN MR IRIER A A S AR TS

Regigiral’ utildty curwe (Pigare 1) was as follows. A long series of trials
was rul dusrlnr the sourse of whlch each subject had many cppertunitiss of
Setuing or not etting against sach of thy posible hands, and sach of a
teesbe;e of of fars or those hands made by the experimentar. Theg, ons of the

hands on whieh the ospcesipanter made Lote wex fomr 4Us aod cne 1. and smeng

5

e Ay bets offered by the axperimsunter on thet band uas 25¢, anc during

the coures »f the sevius whis purtieular "haad”; and the Z54 bet by the
experinenter wers off=rsd wany tlss 4% tho ond of the garies, the propar=

tion of timag that = mubject acceprtsd 2 particilar offer o & partioular

& of the different offars ci the hand, and was

4,

(2]
®
)
&y

rd

rlotted as shown iu Figurs 2. Figure 2 shows the amounis <ffered on the
hand on the hodzeoits’ axis, and tha porcentage of times that offer was
accopted on We vertdasl awiz. Tt ves ovpeatod that for a fixed hard and

subjects the higher tre offer mada; tie greetor the likelihood of acoeptance,

0 ROSWALLN W Y AW W AR I T D W S I 50 ! N

FenIndifioranes ofiare
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o P e e
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o 10 20 30 Lo 50 0 % 80 90

Cifer in csntp

™ oroeo .?. Parsantavas of wimce bty of various amounts uEre
accepied by swblect X an hand A,
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and that o curve drssa as 1o Fiz. o would have sppvoximately ths "3

shape rhowr, This wpsctation was peoved correct in 81l nmes (oxesyt fuv
opp sudieat who isfe bhe exporlrent before o completinm), althisgh there
RS Gongidsyible variation in thw stsspiess of the slopes of tue stepe W
thess surves, Thes: curves waxw plotied {ar sach subjeoot zud cach heid, wbd

tha point at which they crosged iim 50% 1l wus teken to be the momey =i{or

farard.. 1 Ror axcrrmla. in the

on ths hand for which the gubiect wmg Indif

hypethetical curve dvswn in Fig, 2, ths iadifference offer 1s approximatsly

37¢> 1iIf the probability of beating the: humd i p, and thv indiflaremsa

offes: 15 i then ouxr forsula sllowe ug te caleowlate ths utility at = i@
ier

[ S S
\u, - A 2 g

o

i

Thus, 2ach graph Yi¥z that of Fig. 2 £or & given subjedt determines one

point, on his utdliity curve, and by plotiing tness points it ig pesadd

!n

,.

o exmsbrast a gurve like thst of Mge ia

Onog tha "basie® niility of money surves wore plotied. il

_u.sv - ."

B

poasitle 4o iest tho Friedmane3avage theary by applying the utilitiss of
the basic curves to new situations. Ii ie cbvicue that ths LhsdEsy camdol
be expactsd to ve campletely successful in prediciéing tie subjnct!s chcisss
bacause cf the fack that 1w operaticnal meaning given e "prifersuss® i
that t» given slternative is chosen more than 0% of Lwe time. But as Jong

as it is possible for a wubjcst to shoose an altsrnative mors than S50¢ of

the tims, tut no% all the tims, then there unsd b ‘mstaneeg in which bhe

1o Noto that indiffarone: iz Jsiired hers as meaning that essh ¢ “he glter-
natives m shosen 50% of the time: sinilarly, "proference” meaps it ile
preferind attsrn nailve is chowdn MoYe Ghan 503 0 s wmdie ¥s mhaldl digcuss
— 3£ -y

Shis '!!l‘ﬁm)l‘?!n&ﬁlw in sscidon ucg

i

2, ‘The posaibility that the suvjeecs moght net Lnzw thy true provatlididss
of beattiug the varicus hands was ruled cut by providing vhe sudjecta with
Jists civing the objsetivs prababiiiiica,
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choosss au alisrmstive which he Jdess not peisr, aodbberct bhese ure
ingtances vhsh e weoTy predicta he Wil choovpe une Alternatives {the
prefsrred altarnative), while ie actually pluks & difisrent cne. Tha
faet that the sutlect's "SR curves, a8 illwstratad in fig, o; heve & non-
vertisal slope shixa: ihnd smrianednstaises ox’ i8L, in which the susiscet

either choomen t0 bat. a'thivugh the ermmvimentecrty offer i= lsas than 7
> ot T

the indifferenss offer, o chousss not to bet, aven though the expexi:

mentar:= offer ig greater tuan e imdiffereace oifex, iHositsllar oxnd

Y

Yogon mais s comperatiwe test of the Friedman-Savags tlwiery by camparing
the noroentage of successful predictions from it with ihe perventage of

mosec=f) rradations fran a2 thaory which assuaes that the subiscts zot

(RS T

56 as %0 maximizs ti: expestes velwe of neney incomt, Tosre they find

that the Fricdman-Savags theory 18 SGwswice ou: e sposiollliosly mme

cl'

quccessful than tne axpected morsy unothesise Unforivastely, Mosteilsy

T IETY VT TR

and Nogea did not atiemot ©o comproe Ww Frieduan-Savage thsoxry with zay

ather thaaries, s A we shall see; thore ars r2egceas why ths signifi-

cancs of tisir resully is doibédnl

RAODNE 34 ani Bl B

The faci 4hatl ws Frisdman-=Uavag: Wewy turnmed oul 10 bé wors

gsuccssaful than the ewpected momy bycou

g

res

vuwnBEla should not scem sWprising
if i1 iz rooallsd that Lotk theorios are vwary much slike in that they can
both be imterpreted as Bernoullian utaiiity theories, and ome (the Friedsman-

Savage) dsterndrma the utility of menay euwpirically, uwheress the other

R R THYL R AR RN LA v o

assunca dwt the uwlilily of money curve ig o straight lime. It ic sstworal
that predietiung baged on g curve which 38 empiricoslly deternined gho.id

be rnore smeongnitl than pradictions based on ths & oriori asswmpbion ths
e

(i3T85 2237

& ths ubilly cnrwe 48 a siraicht line.
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2= wecowi questiin wndch cowld be anked is whother the cholcs

=2

- at the sero peint of he wtility somie »3 always baing et the subjactis
precsent atate, and ¢f v Joss of GO¢ ae always veing & charus of onx
wdt of utility 4s a oorrect Luterprelation. This wmounts o asguming
“hnt wab fooaline sonstant over Gime ama the changas in ntillidss due 4o
given ohanggeaf iatams. I4 would seaa that 3t could b» egoally weid
argued thut U utiiizies of varicus votal smcunts of morsy, & &t Soast
of total smounte 2 money on hand ars whah ramein ecnsteat; and that the
change 4n ubility dur to 2 given change in insarye {loss or gain of momey)
depends on vhet the total anwunis are bafora and aftor the change.
A seco:d tigien, wnich Mosteller and Hoges oousent omy is that iy is
porssible that s wusjeeis did not play essh sacbls separately; ovi mighs,
Taw: piszwd am gwar-gll strategy with & vicsy, not to maximieding vhaslr

payctis far sach éingle gambia, but v a 1oz ssrisa of gamblss, It

iiend O Lo

can be shvdn Wwal i tchavior vhich mawimiass the esxpscted payoff of a

ik

YW |

Wicular gaskis is nobt racsaaarily ths same as the behavior best ealicuw
lated to maxinise v total peroff due Lo a sexies of guwwbies of which

R NN

the ona in question 1s a part, Mostellsr and Nogee note thai, thougha e

L

s jedts seemsd to be swwre of long term stiategic considerutionlle they i

Aid nsd Lallow thwixr own convistlons in Whsss matisss in oo

A #

Lho3 Proolems l"ﬁ'lf Intorprotetion and Confirmations The Futwwe of Bsrnoullian

The HosteilerwNogss experiment byings up scme problems icherent

in ary attempt at an empirfcal appliciticn of utility theary. We have

LETE P Vet

st

et

2 aeo s,

alludsd {2 thnse precvionsly in section 1.3; dbut we are in a beiter pogi-

PRSI, Py I
“M‘n"..pv - =

e

tion Yo discusg tham now wELl & Snlis ization befgrs

,
J

s
|
|

g8 szoaplifiad by the rules %"do no% play a8 lorng shot when short of fundse®;
L 18 juzidlied by sirstexic considsraticng, but has no jontification if
bk wrder congideraian in considered in laolatdui.

o oumscrt SR AR
2
o
[J

TOTHREAS iy ] § S by it e a, . TS s = 3 X o e 2 vy . e i ¢
2 s v et T RIS A B T T T A ) TR s e S St e, 5 L A T
3 ! S SRS




b - ar

" A R ST, % e i ot »
s AR T DT R W T S T T o T v 1 AN T TR R R TS T 4N e AL SRR W 2B

é
é
i
it
w46
g uwE, The firgt $hing 10 oo noted Qe thai Mustsiler and Noges iatecpret
¢ "vrefareires® and "intifierants® betwwsn two alternzilres in torms of e
4
relative freqencies with which o is chosen over the othor, There i3
nething wong with this istorprstation, oxoapt thet tho aviows for
Dernoullian uiilities vore justified on a differsat Leais, «nd thers is

good reason to believae that at lesasi ons of them ~ A.l - should not hdld
under the relative freqamner Anterprataiion.

Ag the Hegtallen-Noga2 experiment ghows, even aside from the
problems irmalwed 21 the ralrtive f rogueiiy’ thterpretation uof preferonce,

hava ‘s amther furdamental diffievlity iavelved in using utility theory

= s e MBI MWEAS, m-._@mu.mawmq,m‘p NALARIG WL Lo R RS .25_;5‘:-"‘:‘;" 18 ;
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interpratation, Thiz is ths difficulty of detarmining the individualis

vam '

Y

bal A
——

I

O B S S s W S o ..
e

E
; ntdlity wrvss, i melerwacus Lolwdsih WWo alCirnatlves 15 interproted -
i as meardng that ons is alwsys preferrod to the other; then the inciviaual's
pmfemxioe elation can ba gradually conslructed by observing him in a
?l. variety of choice situations, FEven thare. howevar, it is not possible to
F! comstited the utdlity cuave precissiy from a finite mmber of Sboervations,
; and; as A metter of faet; it is not even possible ie lossta ary nodnts on

it orect=sly, unlcey the subjeet has besn obgervsd in cltaaticnz in whieh

3

he {8 ooiflfererd belwwan cortaxinsltornotives, As the reader will secall,
in arder %o loeute some pointa on the swhjecs's utility curves in ths
licatallen-luma ayperiment,, 11 was necersary U9 1uss &5 approximstion to

£3ind vedass of mongyy ny Lor wzh Uil alvornative i Pecgiving n ocemis

with prabability p and loxing 5¢ with probabliiiy lep is wld as indife

fevant to ot Dabtiisz, Tms, ab Lho prosunt zhans of the theory. oven

gagoming that Bernoilian stility thesry iz Yeoryoet® fian any of its apiri-

3% interprodtallions, 1ls predletdys usefvlress ie wvary mich limiled by
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3
uw Giflevity of detaxrmining the utility fomedicns of Lhe people to whi

12 43 ¢ ba aonlied.

e I A o/ A P

Taksn &z ¢ desoripiiwe thoory, viilidly thaory, like deciv.aa
#heoies in gemsral; is s pyychologieal Wuwy. It in lunsdistsly svident
that it cammot be precisely corrsch. bosagse of the fuxb thot the essvro~

tions mmbodied ir he axioss canict Ls precigeiy seidafiss. As a deserip-

e man s

e theory. it sullers from ths further defect that in orcar for it to
be &ppliind, ar tssted, it rsquims ihw enpirical dstermination of the

utility fonvilon, which Zoes ust depend oo caly a small findite mwbor

i
:]i
i
L]

7 do many other thgories, It wold g=2m thst unisss sos

geraral pzveholagisa? lawm ave dissovered. ralatdng ¢o an individual's

utdlity cvwrres; utility thacry 411 oot b2 wseful in aredieting choles

prheviors @ven thoagh 3t =zy be approximately corzect. Thms, ths faturs ;

of Barmenllign utility as 2 desaripilvse theory would appear to depsnd on

eIy SO T ARG REAATSAL RAM 7 SN 1A TRAT O TN rwis s § TSN N VP I I SO S5

two thingss (1) whether ar no% it i2 nearly encugh corract to mwie it :

s ayEs sl : X ; d A e
woritalills Vo uss in predictive sliuationss and {2). vheihwr other nayeho-

lciical theeries cun be found from whish utility carves can be iuferzud 2
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used to Gtermins the utility curves in the Mesteller-Noges exceriment
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